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Abstract. In this paper we continue the study of free holomorphic functions on the noncommutative 
ball 

[B(H) n ]i := {(Xi,...,X n )eB(H) n : + • ■ ■ + X n X^ \\ 1 ' 2 < l} , 

where B{H) is the algebra of all bounded linear operators on a Hilbert space H, and n = 1, 2, ... or 
n = oo. These are noncommutative multi variable analogues of the analytic functions on the open unit 
disc B := {z G C : \z\ < 1}. 

The theory of characteristic functions for row contractions (elements in [B(W) n ] 1 ") is used to de- 
termine the group Aut(B(H)™) of all free holomorphic automorphisms of [B(H) n ]i. It is shown that 
Aut(B(H)") ~ Aut(M n ), the Moebius group of the open unit ball B n := {A 6 C' 1 : j|A|| 2 < 1}. 

We show that the noncommutative Poisson transform commutes with the action of the automorphism 
group Aut(B(Hy^ ). This leads to a characterization of the unitarily implemented automorphisms of the 
Cuntz-Toeplitz algebra C*(Si, . . . , Sn), which leave invariant the noncommutative disc algebra An- This 
result provides new insight into Voiculescu's group of automorphisms of the Cuntz-Toeplitz algebra and 
reveals new connections with noncommutative multivariable operator theory, especially, the theory of 
characteristic functions for row contractions and the noncommutative Poisson transforms. 

We show that the unitarily implemented automorphisms of the noncommutative disc algebra A n and 
the noncommutative analytic Toeplitz algebra F£° , respectively, are determined by the free holomorphic 
automorphisms of [B(7i) n ]i, via the noncommutative Poisson transform. Moreover, we prove that 

Aut{B{H)l) ~ Aut u (An) ~ Autu(F^). 

We also prove that any completely isometric automorphism of the noncommutative disc algebra A(B(H.)™ ) 
has the form 

«(/) = /»*, /eWf), 

where if £ Aut(B(H)™). We deduce a similar result for the noncommutative Hardy algebra ff 00 (B(W)?) 1 
which, due to Davidson-Pitts results on the automorphisms of , implies that Aut(B(H)") is isomor- 
phic to the group of contractive automorphisms of H 00 (B(7i)™). 

We study the isometric dilations and the characteristic functions of row contractions under the action 
of the automorphism group Aut(B(H.)"). This enables us to obtain some results concerning the behavior 
of the curvature and the Euler characteristic of a row contraction under Aut(B(H.)™). 

Finally, in the last section, we prove a maximum principle for free holomorphic functions on the 
noncommutative ball [Z?(7i) n ]i and provide some extensions of the classical Schwarz lemma to our 
noncommutative setting. 
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Introduction 

In [27], [31], and [32] we developed a theory of free holomorphic (resp. pluriharmonic) functions and 
provide a framework for the study of arbitrary n-tuples of operators on a Hilbert space TL. Several 
classical results from complex analysis have free analogues in this noncommutative multivariable setting. 
We introduced a notion of radius of convergence for formal power series in n noncommuting indeterminates 
Z\, . . . , Z n and proved noncommutative multivariable analogues of Abel theorem and Hadamard formula 
from complex analysis ([6], [34])- This enabled us to define the algebra Hol(B(X)™) of free holomorphic 
functions on the open operatorial n-ball of radius 7 > 0, as the set of all power series ^2 a£V + a a Z a with 
radius of convergence > 7, i.e., {a a } QgF + are complex numbers with 

l/2fe 



limsup [ \a a \ z | 

\a\=k 



where F+ is the free semigroup with n generators. The algebra of free holomorphic functions Hol(B(X)™) has 
the following universal property. 

Any representation n : C[Zx, . . . ,Z n ] — > B(TL) with \\[ir(Zi), . . . , ^(Zn)]!) 1 / 2 < 7 extends uniquely to a 
representation of Hol(B(X)™) . 

For simplicity, throughout this paper, [X\, . . . , X n ] denotes either the n-tuple {X\, . . . , X n ) € B(Ti) n 
or the operator row matrix [X\ ■ ■ ■ X n ] acting from TiS n \ the direct sum of n copies of a Hilbert space 
TL, to TL. A free holomorphic function on the open operatorial ball of radius 7, 

[B(n)% := {[X l5 ...,X n ]G B{Ti) n : + • • ■ + X n X* n f' 2 < 7} , 

is the representation of an element F E Hol(B(X)™) on the Hilbert space TL, that is, the mapping 



[B(H) n ]^3(X 1 ,...,X n )»F(X 1 ,...,X n )=J2 U a a X a £B(TL), 

k=0 \a\=k 

where the convergence is in the operator norm topology. We mention that the results from [57] , [3T] , and 
|32] hold true in the context of free holomorphic (resp. pluriharmonic) functions with operator-valued 
coefficients. Due to the fact that a free holomorphic function is uniquely determined by its representation 
on an infinite dimensional Hilbert space, we assume, throughout this paper, that TL is a separable infinite 
dimensional Hilbert space. 

We prove in [27] that the Hausdorff derivations ([S]) i = l,...,n, on the algebra of non- 

commutative polynomials C[Z\, . . . , Z n ] can be extended to the algebra of free holomorphic functions. 
Let F\,...,F n be free holomorphic functions on [B(TL) n ] 1 with scalar coefficients. Then the map 
F : [B(TL)% -> B(TL) n defined by F := (Fx, . . . , F n ) is a free holomorphic function. We define F'(0) as 

the linear operator on C" having the matrix ( J (0) 

L V 3 ' J i,j= l,...,n 

In Section 1, we show that, under natural conditions, the composition of free holomorphic functions is 
a free holomorphic function. We obtain a noncommutative version of Cartan's uniqueness theorem (see 
[S]), which states that if F : [-B(7i)"] 7 — > [B(TL) n ] 1 is a free holomorphic function such that F(0) = 
and F'(0) = /„, then 

F(Xi, . . . , X n ) = (Xi, . . . , X n ), (Xi, . . . , X n ) e [B(W)™] 7 . 

This is used to characterize the free biholomorphic functions F : [B(TL) n ] 11 — > [B(TL) n ] 12 with F(Q) = 0. 
As a consequence, we show that any free holomorphic automorphism ^ of the unit ball [B(TL) n ]i which 
fixes the origin is implemented by a unitary operator on C", i.e., there is a unitary operator U on C ra 
such that 

9{X 1 ,...X n ) = $ u (X 1 ,...X n ) := [Xl, . . . , X n ]U, (X lt ...X n ) e [B{TL) n ] x . 

In Section 2, we use the theory of noncommutative characteristic functions for row contractions (see 
[2"T] . [2"5] ) to find all the involutive free holomorphic automorphisms of [B(TL) n ]i, which turn out to be 
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of the form 

* A = -G x (Xx, ...,X n ):=X-A x (^I K -J2 ~^ x ^j [Xi,.-., X n ]A\* , 

for some A = [Ai, . . . , A n ] G B„, where Q\ is the characteristic function of the row contraction A, and A\, 
A\* are certain defect operators. Combining this result with the results of Section 1, we determine all the 
free holomorphic automorphisms of the noncommutative ball [B(H) n ]i. We show that if if? G Aut(B(H.)i) 
and A := V E' _1 (0), then there is a unitary operator U on C™ such that 

* = <% o v]/ A . 

Moreover, we prove that the automorphism group Aut(B(H)i) is isomorphic to Aut(M n ), the Moebius 
group of the open unit ball M n (see [35]), via the noncommutative Poisson transform. More precisely, we 
show that the map T : Aut(B(H)'1) -> Aut(R n ), defined by 

[T(*)](«):=(P,®id)[*], zeM n , 

is a group isomorphism, where 'J is the boundary function of \P with respect to the left creation operators 
on the full Fock space and P z is the noncommutative Poisson transform at z. 

We recall that a free holomorphic function F on the open operatorial n-ball of radius 1 is bounded if 

H^Hoo := B up||J'(Xi,...,.X n )|| < oo, 

where the supremum is taken over all n-tuples of operators [Xi, . . . ,X n ] G [B(H) n ]i. Let H°°(B(T-C)i) 
be the set of all bounded free holomorphic functions and let A(B(H)i) be the set of all elements F such 
that the mapping 

[B{H) n ] x 3 (X u ...,X n ) ^F(X u ...,X n ) G B(H) 

has a continuous extension to the closed unit ball [B(H) n ]^. We showed in [57] that H°°(B(H)i) 
and A(B(H.)i) are Banach algebras under pointwise multiplication and the norm || • ||oo, which can be 
identified with the noncommutative analytic Toeplitz algebra F£° and the noncommutative disc algebra 
A n , respectively. We recall that the algebra F£° (resp. A n ) is the weakly (resp. norm) closed algebra 
generated by the left creation operators S%, . . . , S n on the full Fock space with n generators, and the 
identity. These algebras have been intensively studied in recent years ([21], HU, [13], E3, US' [I], 

ma- M- ®- mi 

In Section 3, we show that the noncommutative Poisson transform commutes with the action of 
Aut(B(H)i). This leads to a characterization of the unitarily implemented automorphisms of the Cuntz- 
Toeplitz algebra (7* (Si, . . . , S n ) (see [7J), which leave invariant the noncommutative disc algebra A n . 
We remark that this result provides new insight into Voiculescu's group of automorphisms (see [37]) of 
the Cuntz-Toeplitz algebra. More precisely, we show that if g Aut([B(H) n ]i) and \E' is its boundary 
function, then the noncommutative Poisson transform is a unitarily implemented automorphism of the 
Cuntz-Toeplitz algebra, which leaves invariant the noncommutative disc algebra A n . These are precisely 
Voiculescu's automorphisms considered in [37]. Conversely, we prove that if $ G Aut u (C*{S\, . . . , S n )) 
and $(A n ) C A n , then there is ^ G Aut([B(H) n ]i) such that <!> = P^. Moreover, in this case 

$(. 9 ) = Kl{I V - ® g)Kq„ g G C*(S 1: S n ), 
where the noncommutative Poisson kernel Kq, is a unitary operator. 

In [5], Davidson and Pitts showed that the automorphisms of the analytic Toeplitz algebra F^ are 
norm and WOT continuous. They proved that there is a natural homomorphism from Aut(F£°) onto 
Aut(M n ), the group of conformal automorphisms of the unit ball B„. Moreover, using Voiculescu's group 
of automorphisms of the Cuntz-Toeplitz algebra, they showed that the subgroup Aut u (F!^) of unitarily 
implemented automorphisms of F^ is isomorphic with Aut(M n ). In Section 3, we obtain a new proof 
of their result, using noncommutative Poisson transforms. We show that the unitarily implemented 
automorphisms of the noncommutative disc algebra A n and the noncommutative analytic Toeplitz al- 
gebra respectively, are determined by the free holomorphic automorphisms of [B(H.) n }i, via the 
noncommutative Poisson transform. Moreover, we deduce that 

Aut(B{HK) ~ Aut u {A n ) ^ Aut u (F^). 
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In Section 3, we also prove that $ : A(B(H)i) — ► A(B{TL)'D is a completely isometric automorphism 
of the noncommutative disc algebra A(B(li.)i) if and only if there is a 6 Aut(B(H.)i) such that 

<fr(/) = /°*, / e A(B(H)i), 

which extends the characterization of the conformal automorphisms of the disc algebra (see [12]). We 
deduce a similar result for the noncommutative Hardy algebra H oc (B(H)i) which, due to Davidson- 
Pitts results on the automorphisms of (see [5]), implies that Aut(B(H)i) is isomorphic to the group 
of contractive automorphisms of H°°(B(H)i). We remark here that the conformal automorphisms of 
B„ also occur in the work of Muhly and Solel ([17]) concerning the automorphisms of Hardy algebras 
associated with W^-correspondence over von Neumann algebras ([15). [16]). and the work of Power and 
Solel ([33 ) in a related context. 

In Section 4, we deal with the dilation and model theory of row contractions ([H], [4], [20], [21] ) 
under the action of the the free holomorphic automorphisms of [B(H) n ]i. We show that if T is a row 
contraction and \P G Aut(B(?i)™), then the characteristic function O^(^) coincides with Qt ° 4 r_1 . This 
enables us to obtain some results concerning the behavior of the curvature and the Euler characteristic 
of a row contraction (see [26], [13]) under the automorphism group Aut(B(H)i). In particular, when 
T := [Ti, . . . , T n \ is a commutative row contraction with rank < oo, we show that Arveson's curvature 
[5] satisfies the equation 

#(tf(T))= / lim trace [Jx, r ~ e T (* _1 K))0T(^ _1 (rO)*]rfo-(O 

for any ^ G Aut(B(H)i), where the constrained characteristic function (also denoted by Qt) is given by 

Q T {z) := -T + A T (I - z x T{ z n Tiy x \z x l m . . . , z n I n ]A T *, z G B n . 

It will be interesting to know if curv(T) = curv ('I'(T')) for any pure row contraction T and any free 
holomorphic automorphism of [B(H) n ]i, where curv(T) donotes the curvature of an arbitrary row con- 
traction T. The answer is positive if n = 1 and also when n > 2 and T is a pure row isometry. We 
mention that Benhida and Timotin [3] used Redheffer products to study the behavior of the characteristic 
function of a row contraction under Voiculescu's group of automorphisms |37j . 

In Section 5, we prove the following maximum principle for free holomorphic functions on the non- 
commutative ball [B{7i) n ]i. If F : [B{7i) n ]i —* B(H) is a free holomorphic function and there exists 
X G [B(H) n ]i such that 

\\F(X )\\ > \\F(X)\\ for all X G [B(W) n ]i, 

then F must be a constant. 

The classical Schwarz's lemma (see [B], [31]) states that if / : D — * C is a bounded analytic function 
with /(0) = and \f(z)\ < 1 for z G D, then |/'(0)| < 1 and \f(z)\ < \z\ for z G D. Moreover, if 
|/'(0)| = 1 or if |/(2)| = \z\ for some z ^ 0, then there is a constant c with |c| = 1 such that f(w) = cw 
for any w G D. We proved in [27] that if F is a free holomorphic function on [B(H.) n ]i with F(0) = 0, 
then \\F{X)\\ < \\X\\ for any X G [B{H) n ]i. 

In Section 5, we complete this noncommutative version of Schwarz lemma, by adding new results 
concerning the uniqueness. If F : [B(H.) n ]i — > [B(H) m ]i is a free holomorphic function, we show that 

<p{X u ...,X n ) = [Xx, . . .,X n ]F'{0)\ (X 1 ,..., X n ) G [B{H) n ]i, 

maps [B(TC) n ]i into [B(TC) m ]i, where * denotes the transpose. In particular, ||F'(0)|| < 1. Moreover, 
we show that if F : [B(H) n ]i — > [B(H.) n ]i is a free holomorphic function such that F'(0) is a unitary 
operator on C™, then F is a free holomorphic automorphism of [B(H) n )i and F(X) = X[F'(0)]' for 
XG[S(W)"]i. 

Using the free holomorphic automorphisms of [B(7i) n ]i, we obtain another extension of Schwarz lemma 
for bounded free holomorphic functions, which states that if F : [B(H) n ]i — > [B{TL) m ]i is a free holomor- 
phic function, a G B„, and b :— F(a) G B m , then 

\\* b (F{x))\\ < \\* a (x)i xemnr^, 

where ^ a and are the corresponding free holomorphic automorphisms. 



FREE HOLOMORPHIC AUTOMORPHISMS OF THE UNIT BALL OF B(H) 



5 



We remark that all the results of this paper are valid even when n = oo. We also mention that many 
of the above-mentioned results have commutative counterparts. We defer this discussion for a future 
paper, where we determine and study the group of all commutative free holomorphic automorphisms of 
the commutative open ball 

[B(H) n ]i >c := {(X x , .. . ,X n ) G [B{H) n ] x : X t X 2 = XjX h i,j = l,...,n}. 

Finally, we should emphasize that the present paper makes new connections between noncommutative 
multivariable operator theory ([ID], [21], [25], [57], [3D]), the classical theory of analytic functions ( [34] . 
0) [12], [Si]), and Voiculescu's group of automorphisms [37J of the Cuntz-Toeplitz algebra [7J. 

1. Free holomorphic functions on [B(H) n ]i and Cartan type results 

In this section we show that, under natural conditions, the composition of free holomorphic functions 
is a free holomorphic function. We obtain a noncommutative version of Cartan's uniqueness theorem, 
and use it to characterize the free biholomorphic functions F with F(0) = 0. As a consequence, we show 
that any free holomorphic automorphism of the noncommutative ball [B(Ti) n ]i with fixes the origin is 
implemented by a unitary operator on C™. 

Let H n be ciii 72-dimcnsioricil complex Hilbert sp&cs with, ortlionornicil basis 61, 62, • ■ ■ , 6^, where 
n = 1,2,..., or n — 00. We consider the full Fock space of H n defined by 

F 2 {H n ) ; =Cle0iI® fc , 

k>l 

where H® k is the (Hilbert) tensor product of k copies of H n . Define the left (resp. right) creation 
operators Si (resp. Ri), i = 1, . . . ,n, acting on F 2 (H n ) by setting 

Si(p:=ei®<p, ip<EF 2 (H n ), 

(resp. Riip := ip®ei, ip € F 2 (H n ).) The noncommutative disc algebra A n (resp. lZ n ) is the norm closed 
algebra generated by the left (resp. right) creation operators and the identity. The noncommutative 
analytic Toeplitz algebra F£° (resp. is the weakly closed version of A n (resp. 7Z n ). These algebras 

were introduced in [22| in connection with a noncommutative von Neumann type inequality 38J. 

Let F+ be the unital free semigroup on n generators gi, . . . , g n and the identity 170- The length of 
a G F+ is defined by \a\ :— if a — go and \a\ := k if a = g^ ■ ■ ■ gi k , where i\, . . . , if. G {1, . . . , n}. If 
{X\, ■ ■ ■ , X n ) G B(Tt) n , where B(H) is the algebra of all bounded linear operators on the Hilbert space 
H, we set X a :— X{ 1 ■ ■ ■ Xi k and X go := In- We denote e a :— ® ■ ■ ■ ® a k and e go :— 1. Note that 
{ e a} Qe F+ is an orthonormal basis for F 2 (H n ). 

We recall ([21], [12], [23], [21]) a few facts concerning mult i- analytic operators on Fock spaces. We say 
that a bounded linear operator M acting from F 2 (H n ) ® JC to F 2 (H n ) K,' is multi-analytic with respect 
to Si, . . . , S n if 

M (Si ® Ik) = (St ® Ik>)M for any i=l,...,n. 
We can associate with M a unique formal Fourier expansion 

M(Ri,...,R n ) := R a ®0 [a) , 
where 9^ G B(K,K'). We know that 

oc 

M = SOT- lim r^R a ® 6 {a) , 

k=0 \a\=k 

where, for each r G [0, 1), the series converges in the uniform norm. Moreover, the set of all multi-analytic 
operators in B(F 2 (H n ) (g> /C, F 2 (H n ) <g) K') coincides with R^®B(1C, K'), the WOT-closed operator space 
generated by the spatial tensor product. A multi-analytic operator is called inner if it is an isometry. 
We remark that similar results are valid for multi-analytic operators with respect to the right creation 
operators Ri, . . . , R n . 
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According to [27], a map F : [B(H) n ]-y — > B(TL)® m i n B{£ , Q) is /ree holomorphic function on [£>(W)™] 7 
with coefficients in B(£,Q) if there exist A/ a ) € B(£,Q), a 6 F+, such that 

oo 

F(X ll ...,X„)=53 5^ X Q ® A [a) , 

k=0 \a\=k 

where the series converges in the operator norm topology for any (Xi, . . . ,X n ) 6 [B(H) n ]~ r A power 
series F := ^ Z a ® Ar a -\ represents a free holomorphic function on the open operatorial n-ball of radius 

7, with coefficients in B(£,G), if and only if the series 

oc 

53 53 r lal S a ®A {a) 

k=0 \a\=k 

is convergent in the operator norm topology for any r <E [0,7), where S±, . . . , S n are the left creation 
operators on the Fock space F 2 (H n ). Moreover, in this case, we have 



E 

k=0 



53 r\ al S a ® A {a) 

I Q I = k 



fc=0 



5Z 

a| = fc 



1/2 



where the series are convergent for any r € [0,7). 

We remark that the coefficients of a free holomorphic function are uniquely determined by its represen- 
tation on an infinite dimensional Hilbert space. Indeed, let < r < 7 and assume F(rSi, . . . ,rS n ) = 0. 
Taking into account that S*Sj — SijI for i,j = l,...,n, we have 

(F(rS u rS n ){l ® x), (S a ® 7 S )(1 ® y)) = r-H (A (a) x, y) = 

for any x E £, y E 0, and a e F+. Therefore = for any a e F+. 

Due to this reason, throughout this paper, we assume that TL is a separable infinite dimensional Hilbert 
space. 

B{TL) n is a free holomorphic function, then range <p C [B(TL) n ]-y 2 if 



Lemma 1.1. If ip : [B(H)% 1 
and only if 



\<p(rSx 



,rS n )\\<y 2 for any r€[0,7i), 



where 71 > and 72 > 0. 



Proof. Since TL is infinite dimensional, one implication is obvious. Conversely, assume that, for r £ (0, 71), 
\\tp{rSi, . . .,rS n )\\ < 72. If X := (X%, . . . ,X n ) is in [B(TL) n ] 7l , then there exists 7 G (0, 1) such that 
|| ~ A II < 71. Since ip is a free holomorphic function on [i3(7i)"] 7l , the map y> 7 defined by 



<P-y(Xi, ... , A„) :=^( 7 A 1 ,..., 7 A n ), (A l5 ...,A n ) G [B(H) r 



J 71 ' 



is free holomorphic on [B(TL) n ]~ . Consequently, y 7 (7i Si, . . . ,yiS n ) is in Mi x „ ® ^4 n , i.e., a row matrix 
with entries in A n - Using the noncommutative von Neumann inequality [22j (see [38] for the classical 
case), we deduce that 



ll^(Ai,...,A„)|| 
This completes the proof. 



-X r 



< ||^ 7 (7i5i, . . .,7iS n )\\ = ||^(77i Si, ■ ■ . ,77i5'„)|| < 72. 



□ 



The next result shows that the composition of free holomorphic functions is a free holomorphic function. 

Theorem 1.2. Let F : [B(TL)% 2 -+ B(TL)®B{£,g) and cp : [B(H) n ] 11 -> B(H) n be free holomorphic 
functions such that ranges C [B(Ti) n ] 12 . Then F o ip is a free holomorphic function on [B{TL) n ] 11 . 
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Proof. Let F have the representation 

oo 

(1.1) F(Y 1) ...,Y n ) = J2 J2 y «®^(«)' (Y 1 ,... ) Y n )e[B(n) n } 12) 

k=0 \ a\=k 

where the series is convergent in the operator norm topology. Suppose that (f = ((fx, ...,ip n ), where 
(fx, . . . , ip n are free holomorphic functions on [B{TL) n ] 11 with scalar coefficients, and that ranges C 
[B(H)% 2 . Since || [<pi(X), . . . , ^„(X)]|| < 72 for X := (X u ...,X n ) £ [B(H) n ] 7l , relation (JTTTJ) implies 

OO 

(Fotp)(X 1 ,...,X n ) = ^2 <p a {Xi,...,X n )®A w , 

k=0 \a\=k 

where ip a :— tp^ ■ ■ ■ ifi k if a = gi ± ■ ■ ■ g% k £ F+ and the series converges in the operator norm topology for 
any (Xi, . . . , X n ) £ [B(Ji.) n ] 11 . According to Lemma flTTl we have \\(f(rSx, . . . , rS n )\\ < 72, r £ [0,71). 
Since F is free holomorphic on [B(H) n ] l2 , for each r £ [0, 71), 

00 

(1.2) M r :=J2 <P*(rSi,...,rS n )®A (a) 

k=0 \a\=k 

is convergent in the operator norm topology. Due to the fact that <pi(rS\, . . . , rS n ) is in the noncommu- 
tative disc algebra A n for each i = 1, . . . , n, it is clear that M r is in the operator space A n (8 B{£ , Q) C 
F£°(g)B(£ ,Q). Therefore, for each r £ [0,71), the operator M r has a unique "Fourier representation" 
Er=oE H= ^ |Q| ^®S (Q) (r)and 

OO 

(1.3) M r = SOT- lim Y J2 rH "f Hs e< ® B W W. 

7 ^ fc=0|a|=fc 

where the series X^fclo £|a|=fc r^j^S a ® B^(r) converges in the operator norm topology. 

The next step is to show that the coefficients B^(r) £ B(£, Q), a £ F+, do not depend on r £ [0, 71). 
Using relations fll.2[) and p.3[) . we deduce that 

(B a (r)x,y) - /(S£®I)-LM r (l®a;),l®|/ 



p /I 
p 1 ™^ Z (^|5>^(r5i,...,r5„)l,l 



k=0 \/3\=k 

for any x £ £ , y £ Q , and a € F+. On the other hand, for each (3 £ F+, ipp is a free holomorphic function 
on [B(7i) n ] 11 with scalar coefficients and has a representation (pp(Xx, . . . , X„) = 5ZfcLo S| Q |=fc d a X a f° r 
any (Xi, . . . , X n ) £ [B(TL) n ] 11) where d a £ C. Consequently, we have 



for any r £ [0,71), and a, (3 £ F+. Now, it is clear that B^ := B^(r) does not depend on r £ [0,71) 
Going back to relation (| 1 . 3 j) , we deduce that 



(1.4) M r = SOT- lim ]T Y r^^ al S a ® B (a)> 

7 ^ fc=0 |a| = fc 

where the series Sfc°=o S| a |=fc r ' Q '7' Q '<S'a ( 8)-S(a) converges in the operator norm topology for any r £ [0, 71) 
and 7 G [0, 1). This shows that 

00 

G(X 1: ...,X n ) -=J2J2 X a ®B {a) , {X u ...,X n ) £ [S(W) n ] 71 , 

k=Q \a\ = k 
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is a free holomorphic function on [_B(7i)™] 7l . Consequently, using the continuity of G in the norm operator 
topology and relations (|1.2|) and (|1.4|) . we deduce that 



(1.5) M r :=J2 Y, V a (rS 1 ,...,rS n )®A (a) =J2 Yl ^ al S a ®B (a) 

fc=0 |a|=fe fe=0 |ce|=fe 

for any r G [0, 71). 

Now, let X :— (Xi, . . . , X n ) G [B(H) n } 11 and set 7 := \\X\\ < 71. Applying the noncommutative 
Poisson transform (see [35]) at (—Xx, ■ • ■ , ^X n ) to relation (|1 .5p . when r = 7, we deduce that 

00 00 

(Foip)(X 1 ,...,X n ) = J2 ^ Va(Jfl,...,-Xn)® J2 X «® B (») 

fc=0|a|=fc k=f)\a\=k 

for any (Xx, . . . , X„) G [£?(W)"] 7l . This completes the proof. □ 

For each i = 1, . . . , n, we define the free partial derivation -Jp^- on C[Z%, . . . , Z„] as the unique linear 
operator on this algebra, satisfying the conditions 

01 n dZi dz, ...... 



and 



_ jV , f dg_ 

ary 9 ' J Sir, 



dZi dZi" J dZi 

for any f,g G C[Zi,...,Z n ] and i,j = 1, ...n. Notice that if a = <7j 1 ---<7i p , \oc\ = p, and of the 
gi x , . . . , <7j are equal to gj , then is the sum of the q words obtained by deleting each occurence 
of Zj in Z a := Zi t ■ ■ ■ Zi . The same definition extends to formal power series in the noncommuting 
indeterminates Zx, . . . , Z n . If F := Z a ® A( a ) is a power series with operator-valued coefficients, 

then the free partial derivative of F with respect to Zi is the power series 

OF ^ dZ a A 
dZ^ zl 

In [27], we showed that if F is a free holomorphic function on [£?(7Y)"] 7 then so is J^, i = 1, . . . ,n. 

Let Fi,...,.F n be free holomorphic functions on [£?(7i) n ] 7 with scalar coefficients. Then the map 
F : [S(H)™] 7 -> B(H) n defined by F := (Fx, . . . , F n ) is a free holomorphic function. We define F'(0) as 

the linear operator on C™ having the matrix (§^~) (0) 



zj — l,...,n 



Now, we can prove the following noncommutative version of Cartan's uniqueness theorem [5J , for free 
holomorphic functions. 

Theorem 1.3. Let F : [B(H) n ] 1 — > [B(7i) n ] 1 be a free holomorphic function such that F(0) = and 
F'(0) = I n . Then 

F{X\, . . . ,X n ) = (X ll ...,X n ), {X u ...,X n ) G [B{H) n ) T 

Proof. First notice that, due to the hypothesis, F has the form F = (Fx, . . . ,F n ), where each Fj, i = 
1, . . . ,n, is a free holomorphic function on [B(TC) n ]- ( with scalar coefficients, of the form 

00 

Fi{X u ...,X n ) = Xi + J2Yl a « X °" ( Xl > ' ■ ' e [WDt 

fe=2 |a| = fc 

Assume that there exists a G F+, |a| > 2, and i G {1, . . . , n} such that 7^ . Let m > 2 be the 
smallest natural number such that there exists cto G F+, |cto I = m i an d *o G {1, . . . ,n} such that ol'j' 7^ 0. 
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Then we have 

oo 

Fi(Xi, . . . , X n ) = Xi + Hi(Xi, . . . , X n ) and Hi(X%, . . . , X n ) = ^ G^(Xi, . . . , X n ) 

k—m 

for any (Xx,...,X n ) G [B(?i) n ] 7 , where Gj^(Xi, . . . , X n ) := X)|a|=fc "a'-^a f° r eacn k > m and i G 
{1, . . . , n}. Due to Theorem 11.21 and the fact that Hol(B(Tl)") is an algebra, we deduce that, for each 
i € {1, . . . , n}, Gm ° F is a free holomorphic function and 

(G« o . . . ,X n ) = ^FaiXi, ...,X n ) = G«(X X , ...,!„) + Z^+iP^ • ■ 



ft) 

where K^ +1 is a free holomorphic function containing only monomials of degree > to + 1 in its repre- 
sentation. Theorem 11.21 implies that F o F is a free holomorphic function and, due to the considerations 
above, we have 

(F o F)(X lt ...,X n )= [X x , ...,X n }+ [2G«(Xi, . . . , X n ), . . . , 2G%>(X 1 , ...,X n ) 

K^ +1 (Xi, . . . ,X n ), ■ ■ .^K^l^Xi, . . .,X n ) 
Continuing this process and setting F N := (F o • • • o F), N € N, one can see that 

./V times 



F"(X u ...,X n ) = [X 



(i) 

where, for each i = 1, . . . ,n, E^ n+1 is a free holomorphic function containing only monomials of degree 
> to + 1 in its representation. Hence, and using the fact that Si, ■ ■ . , S n are isometries with orthogonal 



!?•••) X n 



NGM(X U X n ), . . . , NGt\X u . . . , X„) 



ranges, we deduce that 




~sf 






G^r} (Si, . 


■ ■ 7 S n )* 




(1.6) F N (rS 1 ,. 


■ ? r S n ) e a — r 








l-J'm . 


■ ■ 7 S n )* 





for any a G F+ with \a\ = 2, r E (0,7), and = 1,2,.... We recall that {e a } QgF + is the standard 

orthonormal basis for F 2 (H n ). Since G m \ i = 1, . . . ,n, are homogeneous noncommutative polynomials 
of degree to and |ao| = to, we have 

G m ^ (Si , ■ ■ ■ , Sn) 



C := 



m V*Jlj • • • 5 O n> ) 



>l<l>o. 



Now, relation (II. 6|) implies 

(1.7) r m iVG<r+|| J F lA '(rS*i,...,rS'„)*e Q0 || for any JVeN. 

On the other hand, since range F w C [B(TL) n ] 1 , Lemma [1.11 implies \\F N (rS\, . . . ,rS n )\\ < 7 for any 
N G N. Hence and using (jTTTJ) , we deduce that r m NC < r + 7 for any TV G N, which is a contradiction. 
This completes the proof. □ 

If L :— [aij] n xn is a bounded linear operator on C", it generates a free holomorphic function on 
[B(H)'% by setting 

n n 
^l{X\, . . . , X n ) := [Xi, . . . , X n ]L = a H- X i, • ■ • , 22 a in X i 

_i=l i=l 

where L := [ay/jilnxti- By abuse of notation, we also write <f>i,(X) = XL. 
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A map F : [B(TL) n ] 11 — ► [B(?i) n ] 72 is called free biholomorphic if F is free homolorphic, one-to-one and 
onto, and has free holomorphic inverse. The automorphism group of \B{TL) n ] 1: denoted by Aut([B(H)™), 
consists of all free biholomorphic functions of \B(Ti) n ] 1 . It is clear that Aut([B{TL)™) is a group with 
respect to the composition of free holomorphic functions. 

In what follows, we characterize the free biholomorphic functions with F(0) = 0. 

Theorem 1.4. Let F : [B(TL) n ] 11 — > [B(Ti.) n ] l2 be a free biholomorphic function with F(0) = 0. Then 
there is an invertible bounded linear operator L on C™ such that 

F(X 1 ,...,X n ) = $ L (X 1 ,...,X n ), (Xi,...,X„) e [B(W)"] 7l . 

Proof. Since F(0) = 0, F has the representation F — (Fj, . . . ,F n ), where Fj is a free holomorphic 
function on [B(Ti) n ] 11 with scalar coefficients, having the form 



(1.8) 



Fj(X u ...,X n )=J2 "kjXk + *w (X 1 ,...,X n ), 



fc=i 



and ^2 is a free holomorphic function of the form ty^ 1 (Xi, . . . ,X n ) — J2m=2 J2\ a \=m a a'X a - Since 



0), 



F is a free biholomorphic function with F (0) = 0, its inverse G :— F 1 : [_B(7i) n 



72 



[s(w) n ; 



7i 



a free holomorphic function with G(0) = 0. Therefore, we have G = (Gi, . . . , G„), where Gj is a free 
holomorphic function on [B{TL) n ] l2 with scalar coefficients, having the form 



(1.9) 



Gj(Xx, . . . , X n ) — bkjXk + T2 (Xi, . . . , X n ), 



fc=i 



and is a free holomorphic function of the form T^'iXx, . . . , X n ) — J2m=2 12\a\=m ba 1 X a . Consider 



U), 



the matrices L 



Hj J n X n 



and _B 



[6 



ij \nxn- 



m—1 Z-/ 1 q| — m 

Using the representations (|1.8[) and (jl.9p . we have 



(GoF)(X 1; ...,X n ) 

n n 

E b ^ + r 2 1} (Fi,...,F n ),...,J2 b in F s + r 2 n) (Ft,...,F n ) 



3=1 



■ • j F w ) ) • 



■ j F n , 



- [X x , . . . , X n ]BL + *£\X U X n ), * 2 n; (A 1; ...,X n ) 



where VE , 2 "'\ 3 = 1; • ■ ■ i n : ar e free holomorphic functions containing only monomials of degree > 2 in 
their representations. Since (G o F)(Xi, . . . , X n ) — [X\, . . . , X n ) for any {X\, . . . , X n ) g [i?(H) ra ]i, we 

deduce that BL — I n and "J^G^ii • ■ ■ , XrO = for j = 1, . . . , n. Similarly, we can prove that LB = I n . 
Therefore L is an invertible operator on C™. Note that, for each 9 G R, the map 



-i0 



F{e"X u ...,e"X n ) 



is a free holomorphic function on [£?(7"0 n ] 7l with values in [B(H) n ] l2 . Moreover, due to (|1.8|) , we have 
e i*(e Ai,...,e A n J 

n 

= ^2 a kl X > 



U-l 



,, -r- e -' i ^ 2 1 )(e l9 X 1 , . . . , e* e X„), . . . , ^ a fc „A fc + e-^Je*^, . . . , e' 9 I„) 

fc=i 



According to TheoremO the map H : [B{li) n ] 11 -> [B(W) n ] 7l defined by 

(1.10) H(X 1 ,...,X n ) :=G{e- i6 F{e ie X 1 ,...,e ie X n )), (*!,..., X n ) G [S(W) n ] 7l , 

is a free holomorphic function with -ff (0) = 0. On the other hand, taking into account the representations 
of the functions involved in the definition of H, calculations as above reveal that 

H{X U ■■■,X n )= [Xi, . . . , X n ]BL + foPiXx, ...,!„),..., $ 2 n) (^i, . . . ,X n ) 
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(7) 

where $ 2 , 3 ~ 1, are free holomorphic functions containing only monomials of degree > 2 in 

their representations. Since BL — I n , we deduce that H'(Q) = I n . Applying Theorem 11.31 to the 
free holomorphic function H, we conclude that H(Xi, . . . , X n ) = {Xi, . . . , X n ) for any {Xi, . . . , X n ) S 
[B(H) n ] 71 . Hence, and due to relation (jl.lOp , we obtain 

e i9 F{Xi, ...,X n ) = F{e i6 Xi, e w X n ) 

for any {Xi, . . . , X n ) E [B{TL) n ] 11 and 6 € K. Using the representations given by (|1.8|) and the uniqueness 
of the coefficients of a free holomorphic function, the latter equality implies 

<i) e «M = e * U) for any € M, 
where a G with |a| > 2, and j = 1, . . . , n. Hence, al 3 ' = and, consequently, 



F(X 1 , . . . , X n ) — 



— [Xi, • . . , X n ]L, 



afciXfe, . . . , aknXk 
_fe=l fc=i 

which completes the proof. □ 



Now we are ready to prove that any free holomorphic automorphism of [B(H.) n ]i that fixes the origin 
is implemented by a unitary operator on C™. 

Theorem 1.5. Let * : [B{Ti) n ] 1 — > be a free holomorphic function with *(0) = 0. T/ien * is 

a free holomorphic automorphism of [B(H) n ]i if and only if there is a unitary operator U on C n such 
that 

(1.11) 9(X 1 ,...X n ) = $ u (X 1 ,...X n ) :=[X 1 ,...,X n }U, (Xi, . . . ,X n ) G [B(H) n ]i. 

Proof. One implication is obvious. Assume that ^ is a free holomorphic automorphism of [B(H) n ]i. 
Applying Theorem ll.4l to we find an invertible operator U on C" such that (jl.lip holds. In particular, 
taking {Xi, . . . , X n ) = [\iln, ■ ■ ■ , A„/-h) with (Ai, . . . , A n ) € B„, we deduce that U is a contraction on 
C™. On the other hand, since ^ is a free holomorphic automorphism of [B(H) n ]i and 

^- 1 {x 1 ,...x n ) = [x 1 ,...,x n ]u-\ {X u ...X n ) e [B{H) n ]i, 

one can similarly deduce that U^ 1 is also a contraction. Consequently, for any x £ C", we have 

= \\U- l Ux\\ < H^llll^llllxll < ||»||. 
Hence U is an isometry which is invertible, and therefore unitary. The proof is complete. □ 



2. The group of free holomorphic automorphisms of [B{H) n ]i 

The theory of noncommutative characteristic functions for row contractions is used to find all the 
involutive free holomorphic automorphisms of [B{7i) n ]i. Combining this result with those from Section 
1, we determine all free holomorphic automorphisms of the noncommutative ball [B{H) n ]i. We show 
that any * <E Aut(B{H)i ) has the form 

* = <$>u o * A , 

where ${/ is an automorphism implemented by a unitary operator U on C™ and ^\ is an involutive free 
holomorphic automorphism associated with A := , I'~ 1 (0) G B n . Moreover, we show that the automor- 
phism group Aut{B{H)i) is isomorphic to Aut(M n ), the Moebius group of B„, via the noncommutative 
Poisson transform. 

To begin this section, we recall from |25j a few facts about noncommutative Poisson transforms asso- 
ciated with row contractions T := [Ti, . . . , T n ], Tj E B{JC), where AC is a Hilbert space. Let F+ be the 
unital free semigroup on n generators gi, . . . , g n , and the identity go- We recall that e a '■= e^ ® ■ ■ ■ ® ei k 
and e go := 1. Note that {e Q } QgF + is an orthonormal basis for F 2 (H n ). For each < r < 1, define the 
defect operator Ar, r ■= {Ik — r 2 TiT* — ■ ■ ■ — ^TnT*) 1 / 2 . The noncommutative Poisson kernel associated 
with T is the family of operators 

K T , r : K -> A T , r H ® F 2 (H n ), < r < 1, 



12 



GELU POPESCU 



defined by 

oo 

K T , r h:=Y, ^ r WA Tir T*h®e a , h G JC. 

k=0 \a\=k 

When r = 1, we denote At := Ar,i and Kt '■= Kt,i- The operators Kt,t are isometries if < r < 1, 
and 

K*K T =I K - SOT- lim Y T a T*. 

\a\—k 

Thus Kt is an isometry if and only if T is a pure row contraction, i.e., SOT- lim J2\ a \=k T a T* = 0. The 
noncommutative Poisson transform at T :— [Ti, . . . , T n ] is the unital completely contractive linear map 
P T : C*(5i, . . . , S n ) -» B(K) defined by 

P T [f] := limJff r (/ x: (»/)ifr 1 r J /6C*(S lr ..,S„), 
where the limit exists in the norm topology of B(JC). Moreover, we have 

P T (S a S;)=T a T$, a,0eW+. 
When T := [T\, . . . , T n ] is a pure row contraction, we have 

P T (f) = K T (/p T ® /)X T , 



where 2?t = A^/C. We refer to [25 , [26 , and 30J for more on noncommutative Poisson transforms on 
C*-algebras generated by isometries. When T is a completely non-coisometric (c.n.c.) row contraction, 
i.e., there is no h G /C, h ^ 0, such that 

\\T^h\\ 2 = \\hf for any fc = l,2,..., 

I«|=* 

an F^°-functional calculus was developed in [53]. We showed that if / = J2 a aS a is in F£°, then 

oo 

Tt(/) = /(Ti, . . . ,T n ) := SOT- lim V V rH aQ T Q 

r— >1 * — * *■ — ' 

k=0 \a\=k 

exists and Tt : F^ — > -B(/C) is a completely contractive homomorphism and WOT-continuous (resp. 
SOT-continuous) on bounded sets. Moreover, we showed (see [30]) that IY(/) = -Pr[/], / G where 

(2.1) P T [/] := SOT- lim if T , (^ <8 /)%, / G 

r— >1 

is the extension of the noncommutative Poisson transform to F£° . 

The characteristic function associated with an arbitrary row contraction T := [Ti, . . . , T n ], Ti G B(fC), 
was introduced in [3T] (see [3J>] for the classical case n = 1) and it was proved to be a complete unitary 
invariant for completely non-coisometric row contractions. The characteristic function of T is a multi- 
analytic operator with respect to Si, . . . , S n , 

T : F 2 {H n ) ® V T » -> F 2 (H n ) ® £> T , 
with the formal Fourier representation 

T (i?i, ■ ■ • , JZ») := -I F *{H n ) ®T+ (I F 2 (H „) ® A T ) f Ip»(h b)(8 jc - 51 ® T*^j 

[Ri <g> Jk, • • . , Rn ® 2jc] (-^f 2 (h„) ® A T *) , 

where . . . , i?„ are the right creation operators on the full Fock space F 2 (H n ). Here, we need to clarify 
some notations since some of them are different from those considered in [3T]. The defect operators 
associated with a row contraction T := [Ti, . . . , T n ] are 

/ n XV2 

(2.2) A r := I 53 2*2?) G B(JC) and A T . :=(/-rr) 1/2 eB(K W ), 
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while the defect spaces are T>t ■= AtK, and T>t- ■= Ar*KW, where K.^ denotes the direct sum of n 
copies of K.. Due to the F^°-functional calculus for row contractions, one can define 

9 T (Xi, ...,X n ):= SOT- lim Q T (rX u . . . ,rX n ) 

r— *1 

for any c.n.c. row contraction (X\, . . . ,X n ) G B(Q) n , where Q is a Hilbert space. Depending of T, the 
characteristic function ©t may be well-defined on a larger subset of B(Q) n . For example, if ||T|| < 1, 
then X i— > Qt(X) is a free holomorphic function on the open ball [B(Q) n ] 1: where 7 :— -p^. 

In particular, the characteristic function ©t generates a bounded free holomorphic function ©t (also 
called characteristic function) with operator- valued coefficients in B(T>t* ,2?t)- Notice also that 

e T (Xi, ...,X n ) = -Ig®T+ (Ig (8 A T ) - ® 2? J 

[Xi ®/ K ,...,l„® 7t] (7g ® A T *) 

for any (Xi, . . . ,X n ) e [B(^) n ] 1 . The characteristic function ©t is the boundary function of @t with 
respect to Rx , . . . , R n in the sense that 

9 T = SOT- lim & T (rR u . . . ,ri? n ), 

r— *1 

where 0(ri?!, . . . , ri?„) is in 72.„ ® B{K). In [55] (see Theorem 3.2 and Corollary 3.3), we proved that 

(2.3) I - Q t ®*t = K T K T , 
where Kt is the corresponding Poisson kernel, and 

Ig®v T - Q T (X)e T (xy = A T (I - XT*)' 1 (I - XX*)(I - TX*)- x Af 

for any X := (Xi, . . . , X n ) e [i?((?)"]i. Here we use the notations X := \X\ ® Ik., ■ ■ ■ , X n ® I^] and 
T := [ig ® Ti, . . . , ® T n ]. A closer look at the proofs of the above-mentioned results (see [55]) reveals 
that one can prove, in a similar manner, a little bit more. 

Proposition 2.1. Let T := [Ti, . . . ,T n ], Ti S B(IC), be a row contraction and let Ot be its characteristic 
function. Then 

(2.4) Ig® VT - e T (X)e T {Y)* = A f (I - XT - XY*){I - TY^Af 
and 

(2.5) I e9 v T . -@ t (X)*Qt(Y) = A f »(7-X*f)- 1 (7-X*Y)(7-f*y)- 1 A f » 

for any X := [Xi, . . . , X n ] and Y := [Yi, . . . , Y n ] in [B(Q) n ]\. Moreover, if \\T\\ < 1, then the relations 
hold true for any X, Y £ [B{Q) n ] 1 , where 7 := jf^- 

Now, we consider an important particular case. Let T = A := (Ai, . . . , A n ) £ M n and think of A as 
a row contraction acting from C™ to C. In this case, due to (|2.2p . we have A> = (1 — 1 1 A 1 1 2 ) 1 ^ 2 -^C an d 
Aa* = (Ijc ~ A*A) 1 / 2 . Since ||A|)2 < 1, it is clear that T>\ = C and V\* — C™. For simplicity, we also use 
the notation A := [Xilg : . . . , X n Ig] for the row contraction acting from Q( n ) to Q, where Q is a Hilbert 
space. 

The characteristic function of the row contraction A := (Ai, . . . , A n ) € B n is the boundary function 
Oa, with respect to Ri, . . . , R n , of the free holomorphic function <d\ : [B(H) n ]i — > [B(H) n ]i given by 

(2.6) Q x (Xx,...,X n ) :=-A + A A (in-f^XiX^ [X u . . . ,X n ]A x . 
for (Xi, . . .,X n ) E [B(H) n ]i. Note that, when A = 0, we have Q (X) = X. 

Proposition 2.2. Let A := (Ai, . . . , A„) € B n , A 0, and let Q\ be its characteristic function. Then 
(i) the map Q\, defined by (|2.6j) . is a free holomorphic function on the open ball [B(7i) n ]-y, where 
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(ii) 6 A = 9 A (i?i, . . . , R n ) = -A + A A {l F 2 (Hn) - Eti KR<) 1 [Ri, ■ ■ ■ , R n ]A x , ; 

(iii) A is an inner multi- analytic operator in the noncommutative disc algebra 7Z n ; 

(iv) A is a pure row contraction; 

(v) rank (/ — A A ) = 1 and A is unitarily equivalent to [Ri, ■ ■ ■ , Rn]- 

Proof. Let A := (Ai, . . . , A„) G B„, A ^ 0, set 7 :— jj^, and let r < 7. Denote A Q :— X^ A !2 . . . A; m if 
a = 9i\9ii ■ ■ ■ 9i m G ! an< i := 1- Since the right creation operators i?x, ■ ■ • , i? n are isometries with 
orthogonal ranges, we have ||X)™=i = r ll^ll2 < 1- Consequently, 

(n \ — oc 

J F2(H „) - ^>A^ EE rW ^#c« 

i=l / fe=0|a|=/c 

is convergent in the operator norm topology for any r G [0, 7) and, therefore, is an element of the non- 
commutative disc algebra lZ n . Using the noncommutative von Neumann inequality for row contractions 
[2*2"] . we deduce that X)fe=o zC| a |=fc ^>c,X a = (J — X)™=i ^i-^i) i s a f ree holomorphic function on the open 
ball [_B(7i)"] 7 , and this implies part (i) of the proposition. To prove (ii), note that A is continuous on 
[-B(7i)"] 7 in the operator norm topology, which implies 

9 A = lim e A (ri?i, . . . , rR n ) = 6 A (i?i, . . . , R n ) 
r— >1 

and A is in 1Z„. Since A = (Ax, ■ • • , A„) is a strict row contraction, it is pure and, consequently, due 
to |21j . the characterisic function A is an inner multi-analytic operator, i.e. A A = /. One can also 
obtain this fact using Proposition 1 2 . 1 1 in our particular case. 

Now, let us prove that A is a pure row contraction. Due to relation (|2.6p . it is clear that 8 A = 
(—Ax + i*x, . . . , — A„ + F n ), where Fi is a bounded free holomorphic function with -Fi(O) = and the 
boundary function Fi is in the noncommutative disc algebra lZ n , for each i — 1, ... ,71. Moreover, we 
have F*e p = if a, (3 G F+ with \a\ > \/3\. 

Let k, q G N be such that k > q, and let f3 G F+ |/3| = g. Setting (Ti, . . . , T„) := 6 A , we have 



T ^ = {-~^+F; 1 )---(-^ k +F* k ) 



e 



for each u> = gj 1 ■ ■ ■ gj k G F+. Since ||9 A || < 1, it is clear that < 2. Now, multiply the right hand 

side of the equality above, apply the triangle inequality followed by Cauchy-Schwarz inequality. Summing 
up the resulting inequalities over all u G F+ with |o;| = k, we obtain 



E PZe 



2 



< 



k\ n . ,,2(fc-X) ( k \||. M 2(fc-g) 



M\?+ii \\M\r~"+--- + r q )u\ 



2 



2 2 + --- + (2 2 ) 9 ]. 



Since ||A|| 2 < 1 , it is easy to see that lirrifc^oo 5^|^|=fc ll^e^H 2 = 0. Since J2\u\=k T ^ T Z < 1 for an y 
k = 1, 2, . . . , we infer that WOT- lim^oo Yl\u\=k T^T* = 0, which shows that [Ti, . . . , T n ] is a pure row 
contraction. 

To prove (v), note that the noncommutative Poisson kernel K\ : C — > F 2 (H n ) is given by 

^a(1)= E (l-||A||^) 1/2 A Q ® ea . 

Due to relation (|2.3p . we have / — 6 A A = K\K^. Since 6 A A is an orthogonal projection, so is K\K^. 
Hence, we deduce that / — O a O a is a rank one projection. On the other hand, since O is a pure row 
isometry, the noncommutative Wold type decomposition theorem (see [20]) implies that 9 A is unitarily 
equivalent to [Ri, . . . , R n ]. This completes the proof. □ 

Theorem 2.3. Let X := (Ai , . . . , A„) G B„\{0} and let-f := . Then \I/ A := — A is a free holomorphic 
function on [B(TL) n ] 1 which has the following properties: 

(i) * A (0) = A and^ x (X)=0: 
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(ii) The identities 

I H - * X (X)* X {Y)* = A X (I - XX*)-\I - XY*)(I - Ay*)-!A A 

and 

In®c» - * A (X)** A (F) - A A . {I - X*X)- 1 {I - X*Y)(I - X*Y)~ 1 A X * 

hold for all X and Y in [B(H)"] 7 ; 

(iii) 4" A is an involution, i.e., 4 , A (5' A (X)) = X for any X £ [B(H) n } 7 ; 

(iv) ^ \ is a free holomorphic automorphism of the noncommutative unit ball [B(H) n ]i; 

(v) 4" A is a homeomorphism of [B{TL) n \ 1 onto [B(H.) n ]^ . 

Proof. Using the identities 

(2.7) A A A = AA A . and A*A A = A A * A*, 

one can easily see that X 1/ A (A) = 0. Part (ii) follows from Proposition 12.11 in the particular case when 
T = A — (Ai, . . . , A n ). We remark that for a fixed A € B n , \& A is a free holomorphic function on the open 
ball [B{n) n ]j, where 7 := pjp and the relations in part (ii) hold true on [B(H)% D [B(H) n ]^. Hence, 
\&a is continuous in the operator norm topology on [B(TL) n ] 1 . 

To prove part (iii), note first that the operator / — ty\(X)\* is invertible for any X £ [B(H) n ]^. 
Indeed, using relation (12. 7|) . we have 

I - 9 X (X)\* = / + [-A + A A (7 - X\*)~ 1 XA\*] X* 

= I - XX* + Ax(I - xx*y 1 xx*A x 

= Ax [I + (I -XX*)- 1 XX*] A x 

= A A (/-XA*)- 1 A A . 

Note also that 

* A (X)A A , - [A - A A (J - IAT'AAa.] A a . 
= A A [X-il-XX^XAl,] . 

Due to the relations above, we have 

* A (* A (X)) = A - A X (I - * A (X)A*)- 1 * A (X)A A , 

= A — A A [A X (I - XX*)- 1 Ax] ~* A x [X-(I- XX^XAl,] 
= X - (I - XX*) [A - (I - XA*) _1 XA^,] 
= A - {I- XX*)X + XA\, 
= X. 

Therefore, * A (* A (X)) = X for any X £ [B(H)%, which proves (iii). 

Fix X £ [B(7{) n ] 1 . Since A A is invertible, one can use part (ii) to show that ||X|| < 1 if and only 
if ||* A (X)|| < 1. Similarly, we can deduce that \\X\\ < 1 if and only if ||* A (X)|| < 1. Consequently, 
due Theorem 11.21 ^f x o \ff A is a free holomorphic function on [B(H) n ]i and, taking into account that 
<3> A (<3> A (X)) = X for any X £ [B(H) n ]^, we deduce that ^ A is a homeomorphism of [B{H) n ]^ onto 
[B(TL) n ]i w hh , 5 A ~ 1 = Now, it is clear that \& A is a free holomorphic automorphism of [B(Ti) n ]i- 
This completes the proof. □ 

Corollary 2.4. (i) If A, fi £ M n , then Vf^ o $ A is a a free holomorphic automorphism of [B(H) n ]i 
that takes X to fi. 

(i) If X £ M n , then the characteristic function A is a free holomorphic automorphism of [B(H) n ]i 
and e^pf) = -Q x (-X) forXE [B(H) n ]i. 



We remark that a formula for W M o ^ A is presented in Section 4 (see Corollary [43 
The next theorem characterizes the free holomorphic automorphisms of [B{TL) n ]i. 
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Theorem 2.5. I/$ e Aut(B(H)i) and A := ^E'~ 1 (0), then there is a unique unitary operator U on C r ' 
such that 

The identity 

I H - $(X)V(Y)* = A A (J - XX*)- 1 ^ - XY*)(I - AF*) _1 A A 
holds for all X and Y in [B(H) n ]^ . 



Proof. Note that, due to Theorem 11.21 and Theorem l2.31 \& o ^P A is a a free holomorphic automorphism of 
[B(H) n ]i such that (\P o *a)(0) = 0. Applying Theorem 1 1.51 to o we find a unitary operator U on 
C" such that o^5>\ = Hence, and using the fact that fjoit A = id, we deduce that \P = $£/ o \]/ A . 
Now, the identity above follows from part (ii) of Theorem 12.31 The proof is complete. □ 



As in the proof of Theorem 12.51 but using the fact that (\&a ° ^0(0) = 0, one can also obtain the 
following result. 

Remark 2.6. If^£ Aut(B(H)i) and X := ^^(O), then there is a unitary operator W on C n such that 

* = * A ° ®w- 

Now we can prove the following extension theorem for Aut(B(H)i). 
Proposition 2.7. Let 1 < n < N. Then every * G Aut(B{H)x) extends to * £ Aut(B(H)i). 

Proof. Let A = (Ai, . . . , A„) € B„ and denote A := (A,0) G M N . Define * : [B(H) N ]\ -> [B(Ti) N ]i by 
setting 

*{X 1 ,...,X n ,X n+1 ,...,X N ) := U A (X l5 ...,X„),-A A ^"-^AiX^ [A„ +1 , . . . , A„] 

for (Xi, . . . , X n , X n+ i, . . . , Aat) G [B(H) N ]x. Denote A := (A, A') - (X u . . . , X n , X n+ i, . . . ,X N ) and 
note that 

* Ao (A) = A - A Ao (/ - AA^-^A^ 

TA A , 01 



I 



= (A,0)- A A (/- AAT^A'] 

= (A - A A (/ - XX^XAx,, -A X (I - XA*) _1 X') 
= (* A (A),-A A (/-XA*)- 1 A') 
= *(X). 

This proves that \I/ = ^ Ao 6 Aut{B(TL)^) and it is an extension of \1/ A € Aut(B(H)™). Since any unitary 
operator on C™ extends to a unitary operator on C N , one can use Theorem l2.51 to complete the proof. □ 

We need to recall (see [35] ) a few facts concerning the automorphisms of the unit ball B„ . Let a £ B„ 
and consider tp a £ Aut(M n ), the automorphism of the unit ball, defined by 

, m / a a - Q a z - s a (I - Q a )z 

(2-8 ¥> a (z) := : 7 r , z £ B„, 

1 — {z, a) 

where Qo = 0, Q a z := a if a 7^ 0, and s Q := (1 — (a, a)) 1//2 . The general form of an automorphism 
of B„ is if — to o ip a for a £ B n and a unitary map u> on C™ . 

If * G Aut(B(H)i ) we denote by * := SOT-lim r ^i *(r5i, . . . , r,S n ), the boundary function of * with 
respect to S%, . . . , S n . Note that, due to Proposition 12.21 we have \& = ^(Si, . . . , S n ). 

In what follows, we show that the automorphisms of the unit ball B„ coincide with the noncommutative 
Poisson transforms of the free holomorphic automorphisms of [B(H) n ]i at the the elements of B n , and 
Aut(B(H)i) ~ Aut(M n ). More precisely, we can prove the following result. 
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Theorem 2.8. The map T : Aut{B{H)1) -> Aut(M n ), defined by 

[T(*)](z):=(P,®id)[*], zeM n , 

is a group isomorphism, where \I/ is i/ie boundary function of ^ with respect to Si, ... , S n , and P z is the 
noncommutative Poisson transform at z. 



Proof. Let * G Aut(B(H)™) and A = # -1 (0) G B„. Then, due to Theorem 1231 there exists a unitary 
operator U € B(C n ) such that 'J = 4>y o According to Proposition ^. 2[ the boundary function 



* A = A - A A I F '{H n ) - Ai5i 



[5*1, ... , SJ A> 



i=l 



is in A n (g> Mi(gj n . On the other hand, it is clear that $[/ o = i&\U. Note that if z = (z\, . . . , z n ) G B n , 
then the Poisson kernel K z : C — > F 2 (H n ) is an isometry and Zj = K*SiK z for i = 1, . . . , n. Hence, using 
the continuity of the noncommutative Poisson transform in the operator norm topology and relation 
we deduce that 

[T(¥)](z) : = (P z «8> id)[$^*A] = K*{4> X U){K Z ® r c „) 



A 



A lF 2 (H n ) 



, Z„]Aa- 



for any z G B n , where <p\ is defined by (|2.8|) . Therefore, r(*) G .Aui(B n ). Moreover, we have [T (*)](,?) = 
^(z), 2 G B„, which clearly implies that T is a homomorphism. Since the surjectivity of T was already 
proved, we assume that r( x f') = id, where \& = ^u°^\- Using the calculations above, we have ip\(z)U = z 
for any z G B„. Hence, we deduce that A = and U = —I, which implies = id. This completes the 
proof. □ 



3. The noncommutative Poisson transform under the action of Aut(B(H)i) 

In this section, we show that the noncommutative Poisson transform commutes with the action of 
the automorphism group Aut(B(H)i). This leads to a characterization of the unitarily implemented 
automorphisms of the Cuntz-Toeplitz algebra C*(Si, . . . , S n ) which leave invariant the noncommutative 
disc algebra A n , and provides new insight into Voiculescu's group of automorphisms (see [37]) of the 
Cuntz-Toeplitz algebra. 

We also show that the unitarily implemented automorphisms of the noncommutative disc algebra 
A n and the noncommutative analytic Toeplitz algebra F£°, respectively, are determined by the free 
holomorphic automorphisms of [B(H) n ]i, via the noncommutative Poisson transforms. We also provide 
new proofs of some results obtained by Davidson and Pitts [9] . 

Theorem 3.1. Let T G B(JC) n and let ^ G Aut{B{TL)i). Then the noncommutative Poisson transform 
has the following properties: 

(i) If T is a row contraction, then 

P*(T)\g] = Pr[P$[g]] for any g G C*(Si, S n ), 

where G A n (g> Mi xn is the boundary function of ^ with respect to Si, ... , S n . 

(ii) If T is a completely non-coisometric row contraction, then so is fy(T) and 

PnT) [/] = Pt [P* [/]] for any f G F£°. 
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Proof. Let T := [Ti,...,T n ] € [B(K,) n ]i and * = (*i,...,* n ) G Aut(B(H)%). Due to Theorem EH 
and Proposition EU *(T) is in [^(/C)"]^ and the boundary function * := SOT-lim^ #(rSi, . . . ,rS„) 
is a row contraction with entries in the noncommutative disc algebra A n - Denote A — {A\, . . . , A n ) := 
*(T) and let * = (#1, . . . , * n ). Note that A a = * Q (T) = F T [* Q ] for a G F+. We recall that the 
noncommutative Poisson transform Pr ■ C*(Si, . . . , S n ) — * B(IC) is a unital completely contractive map 
such that 

P T [fg*} = {PtU]){Pt[9])\ f,g e A, 

and -PtU„ is a unital homomorphism from _A„ to B(JC). Now, it is easy to see that 

P T [P$[S a S;}} = Pt$«%* } = P T [^ a }P T [^^* 

= 9 a (T)*f,{Ty = A a A*p = P^ iT) [S a S; 3 ] 

for any a,/3 G F+. Since the polynomials in S a Sp, a, (3 G F+ are dense in C*(S%, . . . , S n ) and the 
noncommutative Poisson transform is continuous in the operator norm topology, we deduce that P^[<7] 
is in C*(Si, . . . , S n ) for any g G C*(Si, S n ) and that (i) holds. 

Now, we prove part (ii). First note that if T := (Ti, . . . , T„) G [i?(/C)"]|f and M. C /C is an invariant 
subspace under T* , . . . , T* , then 

*(P M Ti\ M , PmT„\m) = Pm^(T u . . .,T n )\ M(n) 

for any * £ Aut(B(Ti.)i). This is due to the structure of free holomorphic automorphisms (see Theorem 
and Proposition ^. 2[) . Denote 



At ■= < h G K : 51 HOf = IW| 2 > ft = 1,2, . 

[ |a|=fc 

According to [20], At is an invariant subspace under T*, . . . ,T*, and T' := [Ptf T Ti\tf T , . . . , Pj\f T Ti\x T ] 
is a co-isometry acting from Af T n) to At- 

Consider the case $ = 4 , a 7 A G B n . Applying part (ii) of Theorem 12.31 when X = Y = T', we deduce 
that ^\(T') — Pj^ T ^f x(T)\^ n ) is a co-isometry, which shows that At Q A/* a (t)- The same argument 

applied to *a(T) yields A"* a( t) C A^ a (* a( t))- Since ^x(^\(T)) = T, we have A"* a (t) C At- Therefore, 
At = A r if A (T), which implies that T is a c.n.c. row contraction, i.e., A/r = {0}, if and only if ty\(T) is 
c.n.c. The case "J = <£>{/, where U is a unitary operator on C™ can be treated in a similar manner. Since, 
due to Theorem 12.51 any free holomorphic automorphism of [B(H) n ]i is of the form $ = <&[/ o v£/ Aj the 
first part of (ii) follows. 

Let / G F£° have the Fourier representation J2 a ewi a aS a and set 

oo 

(3.1) f r (S u . . . , S n ) := a ^ ]a{ S a , r G [0, 1), 

k=0 \a\=k 

where the convergence is in the operator norm topology. Since \&(T) is c.n.c, we can use the F£°- 
functional calculus for row contractions to deduce that 

P*(T) [/] = SOT- lim K A>r (I n ® f)K Air 

oo 

= SOT- lim Yj a « r '" lA «' 

fc=0 |a|=fe 

where A — [A%, . . . , A n ] := *&(T). On the other hand, since the boundary function $ = (^i, . . . , ^> n ) is a 
pure row contraction, we have 

P*[f\ = KUl®f)K$ 

= SOT- Iim/q(J®/ r )Jf 4 

oo 

= SOT- lim ^ a Q rl Q l* Q . 

fc=0 |a|=fc 



FREE HOLOMORPHIC AUTOMORPHISMS OF THE UNIT BALL OF B(H) 



19 



Now, since T is c.n.c, the Poisson transform Pt ■ F r f — > B(H) is SOT-continuous on bounded sets, 
and it coincides with the F^°-functional calculus. Hence, using the calculations above and the fact that 
Pri^a] — A a for a £ F+, we deduce that 



^T[P # [/]] = SOT-limP T 



Yl a ^n^ Q 

k=Q \a\=k 



= SOT- lim ^2 J2 a * r ^ A * 

fc=0 \ a\=k 

for any / S This completes the proof. □ 
A closer look at the proof of Theorem 13.11 reveals the following. 

Remark 3.2. Part (i) of Theorem \3.1\ remains valid ifty is replaced by any contractive free holomorphic 
function^? : [B{H) n ]i — > [B(H) n ]^ with the boundary function § in A n ®M lxn . Part (ii) of Theorem \3.1\ 
holds true ifT£ [£>(/C)"]i and ^ is replaced by any free holomorphic function $ : [B{TL) n ]i — * [B{TL) n ]\ 
with the boundary function 4> £ A n <8> Mi xn a pure row contraction. 

A remarcable consequence of Thorem l3.1l is the following. 
Corollary 3.3. Aut(B(H)^), then 

for any g in the Cuntz-Toeplitz algebra C*(Si, . . . , S n ), or g in the noncommutative analytic Toeplitz 
algebra F£° . 

Proof. Note that = (* o $)(5i, . . . , S n ) = Taking T = $ in Theorem |3~T1 the result 

follows. □ 

In what follows we characterize the unitarily implemented automorphisms of the Cuntz-Toeplitz al- 
gebra C*(Si, . . . , S n ) which leave invariant the noncommutative disc algebra A n - We mention that the 
first part of the theorem is due to Voiculescu [37]. Our approach is quite different, using noncommutative 
Poisson transforms. 

Theorem 3.4. If 'vp £ Aut([B(H) n ]i) and \& is its boundary function in A n ® Mi xn , then the noncom- 
mutative Poisson transform Pa is a unitarily implemented automorphism of the Cuntz-Toeplitz algebra 
C*(S\, . . . , S n ) which leaves invariant the noncommutative disc algebra A n - 

Conversely, if $ £ Aut u {C*(Si 1 . . . , S n )) and <&{A n ) C A n , then there is £ Aut([B(H) n ]i such that 
$ = Pq, . Moreover, in this case 

<%) = Kl(I v , ® g)K%, g £ C*(S U S n ), 

and the noncommutative Poisson kernel Kq, is a unitary operator. 

Proof. Due to Proposition ^. 21 Theorem l2.31 and Theorem l2.51 the boundary function ^ = y&x, . . . , is 
a pure inner multi-analytic operator with respect to Sx, ... , S n , with the property that rank (J— ^ ,1 J r *) = 1. 
Consequently, = J, and A$ = (I — ^f^*) 1 / 2 is a rank one orthogonal projection. Since ^ is a pure 
row contraction, the noncommutative Poisson transform Pq, : C*(S\, . . . , S n ) — > B(F 2 (H n )) is defined by 

P^g] :=Kl(I Vi ®g)K^, 

where the Poisson kernel Kq, : F 2 (H n ) — » T>q, ® F 2 (H n ) is an isometry. On the other hand, since 
i>*i> = /, the characteristic function 6^ = 0. According to l|2.3p . we have I - 6^ 8| = K^Kp 
Consequently, K^K^ = I, which implies that Kq, is a unitary operator. Since Pq,(S a Sp) = ty a ^p for 

a, (3 £ F+ and &i £ A n for i = 1, . . . , n, we deduce that the range of Pq, is in C*(Si, . . . , S„). Therefore 
the noncommutative Poisson transform Pq, : C*(Si, . . . , S n ) — > C*(5i, . . . , S n ) is a ^-representation such 
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that P$(A n ) C An- Due to Corollary 1331 we have (P^iP^)(g) = g for any g G C*(Si, . . . , S n )- This 
shows that P^, is an automorphism of the Cuntz-Toeplitz algebra C*(S\, . . . , S n ). Since Aj, is a rank one 
orthogonal projection and we can identify the defect space T>^ with C. Moreover, under this identification, 
P^, is a unitarily implemented automorphism. Indeed, due to Theorem l2.5[ ^ = <&u°^\ for some unitary 
operator U G B(C n ) and A := (Ai, . . . , A) G B n . When X = Y = [Si, . . . , S n ] in Theorem E3 we deduce 



that 




Therefore, there is a unitary operator U\ : T>^, 

U X A^J := (1 - WXWD^Pt XiS^j f 

= (l-||A|| 2 2 ) 1 / 2 /(A) 
for any / G F 2 {H n ). Since = A^ , our assertion follows. 

Conversely, assume that $ G Aut„(C*(5i, . . . , 5 n )) such that $(A n ) C Ai and let tpi := <&(Si) G A n 
for £ = 1, ... , n. Consequently, there is a unitary operator U G B(F 2 (H n )) such that Q(Y) — U*YU for 
any Y G C*(Si, . . . , SVO- Since ipi — U*SiU, i = 1, . . . , n, it is easy to see that <^i, . . . ,ip n are isometries 
with orthogonal ranges and 

n / n \ 

i=l \ i=l / 

is a rank one projection. Since ipi G -A n it is clear that the subspace Ai := (Bf =1 (pi(F 2 (H n )) C F 2 (H n ) 
is invariant under each right creation operator Ri,... ,R n , and has codimension one. According to [1], 
Ai = Cz\ for a unique A G B„, where 

z\ . ^ ^ A Q e a . 

QSF+ 



Note that ||za|| = , 1 and denote u\ := Trf^Sr. Since A = (Ai, . . . , A„) G B„ is a pure row contraction, 
the noncommutative Poisson kernel K\ : C — > F 2 (H n ) satisfies the equation 

X A (1) = E (1 - ||A||2) 1 /2A Q ® e Q = UA . 

a€F+ 

Consequently K\K\ is the projection of F 2 (H n ) onto Cua- On the other hand, due to relation (|2.3j) . we 
have / — @a©a = Consequently Ai = 9a (F 2 (H n )( n ^. Using the uniqueness, up to a unitary 

equivalence, in the Beurling type theorem characterizing the invariant subspaces of the right creation 
operators (see [21]), we find a unitary operator U G B(C n ) such that <p := [ipi, . . . , (p n ] = Q\U. Setting 
:= $u o 0a, we have ^ G Aut(B(H)i) and ^ = ip. Using the first part of the proof, we deduce that 
Pq, is a unitarily implemented automorphism of C*(Si, . . . , S n ) with Pq,(A n ) C A n - Moreover, since 
Py(Si) = V>i = for any i = 1, . . . , n, and C*{Si, . . . , S n ) is generated by the left creation operators, 

the continuity of Pq, and $ in the operator norm topology implies P^, = This completes the proof. □ 

We recall (see pQ) that S*z\ = XiZ\ for £ = 1, ... , n. In this case, we have A; = K^SiK\, i = 1, . . . , n, 
and the one dimensional co-invariant subspaces Ai C F 2 (H n ) under Si, . . . , S n are of the form Ai = Cm a, 
A G B n . This shows that the unit ball B„ coincides with the compressions {PmSi\mi ■ ■ ■ ,PmS u \m) of 
the left creation operators to the one dimensional co-invariant subspaces under Si, . . . ,S n . This gives 
another indication why there is such a close connection between the the noncommutative ball [B(TC) n ]i 
(resp. free holomorphic functions) and the unit ball B„ (resp. analytic functions). 

In what follows we show that the unitarily implemented automorphisms of the noncommutative disc 
algebra A n and the noncommutative analytic Toeplitz algebra F£°, respectively, are determined by the 
free holomorphic automorphisms of [B(7i) n ]i, via the noncommutative Poisson transforms. 
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We mention that Davidson and Pitts showed in [9] that the subgroup Aut u {F^) of unitarily imple- 
mented automorphisms of is isomorphic with Aut(M n ). In what follows (see the next theorem and 
its corollaries) we obtain a new proof of their result, using noncommutative Poisson transforms, which 
extends to the noncommutative disc algebra A n . 

Theorem 3.5. If ^ € Aut(B(H)i) and "J" is its boundary function, then the noncommutative Poisson 
transform Pq,\A n is a unitarily implemented automorphism of the noncommutative disc algebra A n . 

Conversely, if $ € Aut u (A n ), then there is * e Aut([B(H) n ]i such that $ = Pq,\A n - Moreover, in 
this case 

${f) = Kl{I^®f)K^ feA n , 

and the noncommutative Poisson kernel Kq, is a unitary operator. 

Proof. Assume that ^ £ Aut(B('H)i). According to Theorem l3.4[ the noncommutative Poisson transform 
Pq, is a unitarily implemented automorphism of the Cuntz-Toeplitz algebra C*(Si, . . . , S n ) such that 
Pi, (AO C A n - Due to Corollary 13. 3( we have {Pq~iPq,)(f) = f for any / S A n . Hence, we deduce that 
Pq,\A n is a unitarily implemented automorphism of the noncommutative disc algebra A n . 

Conversely, let $ S Aut u (A n ). As in the proof of Theorem I3~4l we find * g Aut(B(H)i) such that 
$ = P$\a„- This completes the proof. □ 

Corollary 3.6. If \I/ G Aut(B(Ti)i) and "J is its boundary function, then the noncommutative Poisson 
transform Pq, is a unitarily implemented automorphism of P^° . 

Conversely, if $ G Aut u (F£°), then there is * g Aut([B(H) n ]i such that $ = Pq,. Moreover, in this 
case 

and the noncommutative Poisson kernel Kq, is a unitary operator. 

Proof. If $ G Aut(B(H)i), the \& £ A n ® M\ xn . Since ^ is a pure row contraction, it makes sense to 
consider the noncommutative Poisson transform P^ : F£° — > B(F 2 (H n )) defined by 

P 4 [/]:=tf!(/-D 4 ®/)# 4 , /eC 

We saw in the proof of Theorem 13.41 that Kq, is a unitary operator. We recall that if / € F£°, then 
/r e A n , ||M| < H/ll, and SOT-linw f r = f- Since Pq,(S a ) = * Q e X, a € F+ and P„°° is the WOT- 
closed non-selfadjoint algebra generated by Si, ■ ■ . , S n and the identity, we deduce that Pq,(F£°) C F r f . 
On the other hand, due to Corollary 13. 3[ we have (PqpiPq,)(f) = f for any g <G F£°. This shows that 
Pq,(F£°) = F^ and therefore Pq, is a unitarily implemented automorphism of F™ . 

Conversely, let $ S Aut u (F£°). As in the proof of TheoremOLU we find W G Aut(B{TL)1) sucn tnat 
$1.4^ = Pj,U„. Since .A n is u>*-dense in F£° and both 'J and P^ are unitarily implemented (therefore 
w* -continuous), we deduce that $ = Pq,. This completes the proof. □ 

Corollary 3.7. Aut(B(U)^) ~ Aut u (.4 n ) ~ Aut u (F^). 



Proof. Let T : Aut^U^) -> Aui^Aj) be defined by 

r(*):=P^U„, * e Aut{B{H)*{). 

Due to Theorem 13.51 the map T is well-defined and surjective. On the other hand, if we assume that 
r(4") = id, then Pqyn(Si) = Si for i — 1, ...,n and therefore VP -1 = [Si,...,S n ]. Consequently, 
>I'~ 1 (X) = X for any X 6 [P(7i)"]i, which proves that T is one-to-one. Using Corollary 13.31 one can 
deduce that T is a group homomorphism and Aut(B(H)i) ~ Aut u (^4.„). In a similar manner, using 
Corollary 13.61 and Corollary 13. 3( one can show that Aut{B{Ti) 1 l) ~ Aut u (F n x: ). This completes the 
proof. □ 
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We say that a free holomorphic function F on [B(7i) n \i is bounded if 

HFHoo :=sup||F(Xi,...,X n )|| < oo, 

where the supremum is taken over all n-tuples of operators [X\, . . . ,X n ] £ [B(H) n ]i. Let H°°(B(H)i) 
be the set of all bounded free holomorphic functions and denote by A(B(Tt)™) the set of all elements F 
in Hol(B(H)i) such that the mapping 

[B(H) n ]i 3 (X 1 ,...,X n ) ^ F(X u ...,X n ) G B(H) 

has a continuous extension to the closed unit ball [B(H) n ]^. We showed in [27] that H°°(B(T-C)i) 
and A(B(H.)i) are Banach algebras under pointwise multiplication and the norm || • ||oo, which can be 
identified with the noncommutative analytic Toeplitz algebra F£° and the noncommutative disc algebra 
A„, respectively. 



Lemma 3.8. Let f : [B(H) n ]i -> B(H) and g : [B(Ji) n }i 
Then the following properties hold. 



[B(H) n ]i be free holomorphic functions. 



(i) If f and g have continuous extension to the closed ball [B(H) n ]i , then / og£ A(B(7i)i). 

(ii) IffeH°°(B(H)?), thenfo. g e H°°{B(H)?) and \\f o g]^ < Wf^. 

(iii) If f G H° c (B(Tl)") and g is a pure row contraction with entries in A n , then 



(fog)(X) = B 



x 



Pa 



for any X G [B(7i) n ]i, where f and g are the corresponding boundary functions. 

Proof. Due to Theorem 11.21 / o g is a free holomorphic function on [B(TL) n ]i. Part (i) is obvious. To 
prove (ii), assume that / G H°°(B('H)i). In this case, we have 

||/°<?||oc= sup ||/G?(X))|| < sup ||/(r)|| = ll/IU 

Xe[B(W)»]i Ye[B(H) n ]i 

which shows that fog e H°°(B(H)^). Now, assume that / G H°° (-B(H)?) and g G A(B(H)?). Due to the 
fact that range g C [B(W) n ]i, we have ||5(r5 x , rS n )\\ < 1 (see Lemma [□}. Since fog e H oc {B{'H) 1 l), 
its boundary function fog exists and 



/o 5 = SOT- \\mf{g{rS 1 ,...,rS n )). 



(3.2) 



Using the noncommutative Poisson transform and Remark 13. 2\ we deduce that 



(3.3) 



f(g(rSi,...,rS n )) = P g (rSi,...,rS n )[f] = F [rSl ,..., rS „] P§[/] 



We recall that if g E F^ , then g = SOT-lim r ^ig r where g r = P\ r s 1 ,...,rS n ]\9]- Applying this result 
to Pg [/] , which is in F£° , and using relations (|3.2p and (|3.3|) , we deduce that / oj = [/] . Since 
(/ o g)(X) = P x [f°~g], X G [B(H) n ] u we complete the proof. 

□ 

Corollary 3.9. Let f G Hol(B(H) r {) and * G Aut{B{H)^). Then 



(i) / o * g A(B(W)f ) /or / G A(B(H)?); 

(ii) / o * g H°°(B(H)i) for f G H 00 {B{U) 7 l); 

(iii) ||/ o tfHoo = ll/Hoo /or / G H°°(B(H)x); 

(iv) if f £ H°°(B(H)T), then (/ o = P x 
£/ie corresponding boundary functions. 



Pi 



for any X G [F(W) n ]i, where ^ and f are 



Proof. Apply Lemma I3T8I in the particular case when g = ^ G Aut(B(TC)i). Due to part (ii) of the same 

lemma, we get ||/ ° ^||oo < ll/lloo- Applying the same inequality to / o <f and the automorphism 

we obtain ||/||oo < ||/° ^lloo- Therefore, ||/o ^f\\oo = ||/||oo, which completes the proof. □ 
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We remark that one can obtain versions of Lemma T3. 81 and Corollary 13.91 when / has operator- valued 
coefficients, i.e., / : [B(H) n ]i — > B{H)®B(£,Q). The proof is basically the same. 
We proved in [27] that there is a completely isometric isomorphism 

A{B(H)?) 9 / -> / := lim f(rS u rS n ) £ A n , 

r—*l 

where the limit is in the operator norm topology, whose inverse is the noncommutative Poisson transform 
P, i.e., f(X) = P x [f], X G [B(H) n ]i. If $ : A(B(H)i) ~> A{B{H)T) is a homomorphism, it induces a 
unique homomorphism $ : A n A n such that the diagram 

A * > A 



A(B(nm — A(B(H)i) 

is commutative, i.e., <I>P = P$. The homomorphism $ and $ uniquely determine each other by the 
formulas: 

($/)(X) = [£(/)], / G A(B{H)1), X G [B(W) n ]i, and 

*(/) = *(?), /a. 

Similar results hold for the Hardy algebra H°°(B(H)i) an d the noncommutative analytic algebra F£°, 
when / := SOT-lim^ f(rS u . . .,rS n ) for / G H°°{B(H)?). 

Using a gliding bump argument as in [9] (see Lemma 4.2), one can show that any automorphism $ of 
the noncommutative disc algebra A n is continuous. We sketch the proof for completeness. 

Indeed, suppose that $ is not continuous. Let M := max{||V>i||, HV^H, 1}, where tfjj :— $ _1 (Sj) G A n , 
j = 1,2. Then one can find a sequence {fk} of elements in A n such that ||/fc|| < ^ 2 M) k ana - ll^(/k)ll — ^ 
for any k £ N. Since / := ^2k=i Vx^ifk is convergent in the operator norm, it is an element in A n . For 
each m G N, we have $(/) = Ylk=i ^i^2^{fk) + S'T +1 §{g m ) for some g m £ A n . Using the fact that Si, 
S2 are isometrics with orthogonal ranges, we have 

||*(/)|| > \\S%SrHf)\\ = \\Hfm)\\ > m for any m G N, 
which is a contradiction. Therefore $ is continuous. 

We recall that Davidson and Pitts [2j proved that the group of completely isometric automorphisms 
of F£° can be identified with Aut(M n ). It is easy to see that their result extends to A(B(H)i). In 
what follows, we obtain a new proof of their result and new characterizations of the completely isometric 
automorphisms of the noncommutative disc algebra A(B(H)i). 

Theorem 3.10. Let $ : A(B(H)f) -> A(B(H)f) be an automorphism of A(B(H)^). Then the following 
statements are equivalent: 

(i) $ is a completely isometric automorphism of A(B(H)i); 

(ii) there is a * £ Aut(B(H)i) such that 

*(/)=/°¥, f£A{B{U)l); 
(ii) [$0Si), . . . , $(S n )] and [<f> _1 (Si), . . . , $ _1 (S' n )] are row contractions. 



Proof. First, we prove that (i) «-> (ii). Assume that (i) holds. Let ^ := §>(Si) £ A n C F£°, i = 1, . . . ,n, 
and note that $ := [$1, . . . ,tp n ] is a a row isometry. The subspaces ?/>i(P 2 (P„)) and ©™ =2 ^(P 2 (iJ n )) 
are invariant under the right creation operators Ri, . . . , R n . If we suppose that 



(3.4) E^i =/ . 

3=1 

then ipi(F 2 (H n )) is a reducing subspace for Pi, ... , R n . Since Pi, ... , P„ have no nontrivial reducing 
subspaces, we deduce that (|3.4[) doesn't hold if n > 2. If n = 1, then tpi is a unitary operator and, 
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consequently, a constant which is a contradiction with = I and the fact that <5 is one-to-one. 

Therefore, since Y^j=i ^j^j ^> we deduce that 1 ^ (B™ = iil)j{F 2 {H n )) , which implies 

Ei4(o)i 2 = ^EM*j 1.1^ < L 

Setting A := (-0i(O), . . . ,^(0)) € B n , one can prove that -0 := [ipi, . . . ,ip n ] is a pure row contraction. 
The proof is similar to the proof of the fact that Q\ is pure in Theorem l2.2l 

Now, let ^ := (-01, . . . , ip n ) be the unique contractive free holomorphic function on [B(H) n ]i having 
the boundary function ip. Due to Theorem 12.21 and Theorem 12. 31 we deduce that the map T := ^>x ° * : 
[B(H) n ]i -> [B(H) n ]i is a free holomorphic function with T(0) = 0, where * A e Aut{B(H)T)- Applying 
the noncommutative Schwartz type lemma from |27j (see Section 5 for a stronger version), we deduce 
that ||r(X)|| < ||X|| for any X e [B(H) n ]t. Now, by Theorem O we obtain 

||*(x)|| = ||*A(r(x))|| < ||r(x)|| < ||x|| 

for X € [B(H) n ]i. Hence, * : [B(H) n ]i -> [BQC) n ]i is a free holomorphic function. 

Similarly, setting ipi := $ _1 (Si), i = 1, . . . ,n, and letting ip — (tpi, ■ ■ ■ ,fn) be the free holomorphic 
function on [B(H) n ]i with boundary function (ipi, . . . , (p n ), one can prove that (p : [B(TC) n ]i — > [B(H) n }i 
is a free holomorphic function. 

Since ipi <E An, let Pk{Si, . . . , ,!?„) be a sequence of polynomials in Si, . . . , S n such that 

ipi = lim pk(Si, . . . , S n ) 

k — >oo 

in the operator norm topology. Due to the continuity in norm of $ and the Poisson transform ^ j , 

we have 

= lim p fc (d(5i),...,$(5 n )) 

= fc 1 ™ P [t? 1 ,...,^ n ][Pfc( ,S l'---'' Sr n)] 

for any i = 1, . . . , n. On the other hand, since VP = [if>i, . . . , ip n ] is a pure row contraction, we can use 
Remark l3.2l to deduce that 

(ifi o *)(JQ = Fx = = X is * = 1,. ..,n, 

for any X = [Xi, . . . ,X n ] € [_B(7i)"]i. Consequently, o <J/ — id. Similar arguments imply ^> o p = id. 
Therefore, * e Aut(B(H)i). 

Ifp(X) = J2\ a \<k a a x a, then p o ip = J2\ a \<k a a^a = Due to Corollary [331 the map / h/o$ 

is continuous on H°°(B('H)i). Since the noncommutative polynomials are dense in H°°(B(Ti.)i) an d 
is also continuous, we deduce that <&(/) = /o \P for any / G H°°{B(TL) r l). This completes the proof of 
the implication (i) =>■ (n). 

Now, assume that * e Aut(B(H) r {) and $(/) = / o / e A(B(H)i). Note that Proposition O 
and Theorem 12.51 imply that the boundary function := (ipi, ... ,ip n ) is a row isometry with ipi £ A n . 
Using Corollary 13. 9[ we have (/ o *f>)(X) = Px Pq,[f] for X € [B(H) n }i- Since the noncommutative 

Poisson transform Pq, is continuous in norm, i&,f S .A n , and the polynomials in Si,... , S n are norm 
dense in A n , we deduce that Ps,\f] is in „4 n . Consequently, $(/) is a well-defined homomorphism. As in 
the proof of Lemma l3.8i one can show that $ is completely isometric. A similar result can be obtained 
for the map A(/) := fo \I> 1 , / e A(B(H)i). Since <&o A = Ao $ = id, we deduce that $ is a completely 
isometric automorphism of A(B(H.)i). Therefore (i) «-> (it). 
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Since the implication (i) =>- (iii) is obvious, it remains to prove that (iii) ==> (i). Assume that 
[$(S'i), . . . , $(S*„)] is a row contraction. Due to the noncommutative von Neumann inequality [22j . we 
have 

||[£(p«6Si, . . • , 5 n ))] fcX fc|| = || \Pij(Hsi), . . . , Hs n )] kxk \\ < ||[p«(Si, . . . , s„)]fcxfcll 

for any operator matrix [pij(Si, . . . , S n )]kxk G A®Mjfc X jt- Since $ is continuous on ,A„ (see the remarks 
preceding Theorem l3.10[) , which is the norm closed algebra generated by Si , . . . , S n and the identity, we de- 
duce that $ : A n — > A n is a completely contractive homomorphism. Similarly, if [<l> _1 (Si), . . . , <t~ 1 (S n )] 
is a row contraction , we can prove that $ _1 is completely contractive. Therefore, $ is a complete 
isometry and (i) holds. The proof is complete. □ 



Using the ideas from the proof of Theorem 13. 101 we can prove the following result. 

Theorem 3.11. Let $ : H 00 (B(H) 7 l) -> H°°(B(H)^) be a WOT- continuous homeomorphism of the 
noncommutative Hardy algebra H°°(B(TL)1). Then the following statements are equivalent: 

(i) $ is a completely isometric automorphism of H°°(B(H)™); 

(ii) there is a * G Aut(B(H)^) such that 

<&(/) = /°*, f eH ca (B(UT 1 ); 

(iii) [3>(Si), • • • , $(S n )\ and [$ _1 (Si), . . . , $ _1 (S„)] are row contractions. 

Proof. The proof follows the lines of the proof of Theorem 13. 101 We only mention the differences. The 
proof of the implication (i) (ii) is the same but uses, in addition, the fact that is the WOT 

closed algebra generated by Si , . . . , S n and the identity, and that the noncommutative Poisson transform 
P,^ i ^ j coincide with the i^-functional calculus for pure row contractions and, therefore, is WOT 

continuous. For the proof of the implication (ii) =>• (i), note, in addition, that Pq,[f] is in for any 
/ G F^, and and the Poisson transform Pa is WOT-continuous. Since the implication (i) (iii) is 

obvious, it remains to prove that (iii) =$> (i). Assume that [^(Si), . . . , $(S„)] is a row contraction. 
Note that the map 

x(f) ~(km, i), /ec 

is a nonzero WOT-continuous multiplicative functional. According to [9], there exists A G M n such that 
X(f) = (fux, «a) - P\[f], f G F™. Therefore, setting ^ := $(St) G F„°°, i = 1, . . . , n, we have 

(V3i(0),...>„(0)) = (A 1; ...,A„) G 1„. 

As in the proof of the implication (i) => (ii) of Theorem 13. 101 one can prove that ^> := [-0!, . . . , -0„] is 
a pure row contraction. Now, using the fact that the noncommutative Poisson transform at a pure row 
contraction is WOT-continuous, we can show, as in the proof of Theorem 13. 1Q[ that <3E> : F£° — > F^ is a 
completely contractive homomorphism. Similarly, one can prove that $ _1 : F^ — > F^ is a completely 
contractive homomorphism, which shows that $ is a completely isometric automorphism of F^ . This 
completes the proof. □ 

We mention that Theorem 13.101 and Theorem 13.111 imply, in the particular case when n = 1, the 
classical results [H] concerning the conformal automorphisms of the disc algebra and Hardy algebra H °° , 
respectively. 

We also remark that Davidson and Pitts proved in [5] that any automorphism of F^ is WOT contin- 
uous. Due to their result, we can remove the WOT continuity from Theorem 13. Ill Moreover, according 
to [9], any contractive automorphism of F^ is completely isometric. If we combine this with Theorem 
13.111 we can also deduce the following result. 

Corollary 3.12. If $ G Aut(F n x ') such that [$(Si), . . . , 4>(5 n )] is a row contraction then & is a contrac- 
tive automorphism of F^ . Moreover, 

Aut(B(H)?) ~ Aut c (H 00 (B(U) 1 l)). 
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4. Model theory for row contractions and the automorphism group Aut(B(H)i) 

This section deals with the dilation and model theory of row contractions under the action of the free 
holomorphic automorphisms of [B(H) n ]^. We show that if T € [B(JC) n ]^ and * € Aut{B(H) r {), then 
the characteristic function of 6*(t) coincides with Ot ° $f . This enables us to obtain some results 
concerning the behavior of the curvature and the Euler characteristic of a row contraction under the 
automorphism group Aut(B(Tl)i). 

If A = (A l5 ... , A„) S B„ and X = Y = T := [T u T n ] G [B(JC) n ]^ in ThcoremE! we deduce the 
identities 

Ik - *a(T)* a (T)* = A X (I - T\*)~ 1 A T (L - AT*) _1 A A , and 

" ' ' I lcM -* x (Tyy x (T)=A x *(I-T*X)- 1 A 2 T ,(I-\*T)- 1 A x ., 

where ^ x is the involutive automorphism of the noncommutative ball [B(H) n ]i, defined by 

(4.2) y x (X):=-Q x (X) = \-A x (I-X\*y 1 XA x ,, Ie[B(H)"]i. 

Consider the operators £1 : T>^ X ( T ^ — > T>x and f2* : T>^ x it\* — > 2?t* given by 

nA^ x(T) h = At (I - XT^A^, hefC, and 

n,A* A(T) .j/ = A T .(/-A*T)- 1 A A .y, y £ 

respectively. Due to the identities above, £1 and f2* are unitary maps. We remark that, in particular, if 
T e [B{K) n ]\, then ^f x (T) e [B(K,) n ]i and, consequently, A^m and A^ A ( T ). are invertible operators, 
which implies = K, and I>^ A m* = JCA™). In this case 

Let {/ = [!iy]„ x „ be a unitary operator in C™ and consider the free holomorphic automorphism of 
the noncommutative ball [B(H) n ]i, defined by 



$u(X) = XU:= 



O-il Xi, ■ ■ ■ , 0,i n Xi 
i=l i=l 



X := [Xx,...,X„] € [-B(H) n ]i, 



We also use the notation = XU, where U := [itjj-f^nxn- It is easy to see that if T G [B(IC) n ] 1 , 

then 

A <MT) = A T ; ^Wen = T>t, and 



(4.4) 



A* u(r) . = U*A T ,U; V^ u(T) , = V*V T * 



where U is seen as the operator [uy//c] nXn . 

Let VP := $[/ o be an free holomorphic automorphism and let T 6 [B(K.) n ]i. Since 

(4.5) A$(t) = A$ A ( T ) and A^(y)* = U*A^ A ( T ).U, 

one can easily see that the operators f2 : 2?*(t) - * and f2*U : 2?*(t)* ~~ * 2?T* are unitary operators 
identifying the corresponding defect spaces. 

According to the considerations above, the following lemma is a simple consequence of Theorem 
and Theorem 



Lemma 4.1. Let X := [X ll ...,X n ]e [B(lC) n ]^ and let * e Aut(B(H)'?). Then 

(i) IIELi < 1 °niy ll*POII < 1; 

(ii) \\Eti X * x :\\ < 1 */«^ onZy if\MX)\\ < 1; 

(iii) X is an isometry if and only if^(X) is an isometry; 

(iv) X is a coisometry if and only if^B(X) is a coisometry. 

Now we can prove some results concerning the minimal isometric dilation of a row contraction and the 
Wold decomposition of a row isometry ([50]) under the action of Aut(B(H)'i). 

Proposition 4.2. Let X := [X x , . . . , X n ] e [B(JC) n ]^ and let # e Aut(B(H) r l). Then 

(i) V := [Vi, . . . , V n ], Vi £ B{Q), is the minimal isometric dilation of X := [Xi, . . . , X n ] on a Hilbert 
space Q D IC, if and only if^(V) is the minimal isometric dilation of^(X); 
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(ii) If V :— [Vx , . . . , V n ] is a row isometry and (5* <S> Im ) © W is the noncommutative Wold decompo- 
sition of V, where S :— [Si, ... , S n ] is n-tuple of left creation operators and W :— [Wi, . . . , W n ] 

is the corresponding Cuntz isometry, i.e., WiW* H h W n W* = I, then (^(S) © Im) © &(W) 

is the noncommutative Wold decomposition of the row isometry $(V). 

Proof. Due to Theorem 12.51 it is enough to consider the cases when = "f^ and ^ = <3?[/, respectively. 
First, assume that = ty\ for some A S B„. Let V := [Vi, . . . , V n ], Vi G B(Q), be the minimal 
isometric dilation of X :— [Xi, .... X n ], on a Hilbert space Q D JC, i.e., V*\ic = X* for any i — 1, . . . ,n, 
and Q = \J ae¥ + V a IC. Due to Proposition 12. 2\ "i>\(X) is in the norm closed non-selfadjoint algebra 
generated by Xi, . . . , X n and the identity. A similar result holds for ^\(V). Consequently, we deduce 
that ^\{V)*\ K = ^\{X)*. Moreover, setting [Wi, . . . , W n ] := V\(V), we deduce that \l a£¥ +W a JC C 
\J aer +V a lC. Since ^\(W) — V, we also deduce that \J ae¥ +V a JC C \J a& + W a K, which proves that 
^ \{V) is the minimal isometric dilation of ^ \{X). The converse can be proved id a similar manner and 
using the fact that \E' A (\1/ A (X)) = X. 

To prove (ii), note first that, due to Proposition 12. 2\ ty\(S) is a pure row isometry which is unitarily 
equivalent to S := [Si, ... , S n ]. On the other hand, due to Lemma |4~T| W := [W%, . . . , W n ] is a Cuntz 
isometry if and only if ty\(W) has the same property. Since the Wold decomposition of a row isometry 
is unique up to a unitary equivalence (see [5D]) and 

© I M ) ®W) = (^x(S) © I M ) © *\(W), 
the result follows. The case when "J = §jj follows in a similar manner. The proof is complete. □ 

Corollary 4.3. Let X := [X u . . . , X n ] € [B(K) n ]^ and let * e Aut(B(H) r {) . Then 

(i) X is pure if and only if^(X) is pure; 

(ii) if V := [Vi, . . . , V n ] is a pure row isometry, then V is unitary equivalent to ty(V); 

(iii) X is c.n.c. if and only if^(X) is c.n.c. 

Proof. The case when ^ = <£>;y for some unitary operator on C™ is straightforward. Assume that = 
where A e B„. Since \fr \(X)) = X, it is enough to prove the direct implication. We recall (see [2"U] 
that a row contraction X is pure if and only if its minimal isometric dilation V :— [Vi, . . . , V n ] is a 
pure row isometry. Consequently [Vi,, . . . , V n ] is unitarily equivalent to [Si (E> Im, ■ ■ ■ , S n © M] for some 
Hilbert space M. Applying Proposition 14. 1[ we deduce that ^a(V) = ^x(S) (g> Im is the minimal 
isometric dilation of ^\(X). Since *ff\(S) is a pure row isometry, we conclude that ^fx(X) is a pure row 
contraction. 

We proved in Proposition 14.11 that Sb\(S) is a pure row isometry which is unitarily equivalent to 
S := [Si, ... , S n ]. Due to the Wold decomposition for row isometries, V is unitarily equivalent to S ©Im 
for some Hilbert space M.. Hence, we deduce hat ^\{V) is unitarily equivalent to V. Part (iii) was 
considered in Theorem 13. II This completes the proof. □ 

We recall (see Section 2) that the characteristic function of a row contraction T := [Ti, . . . , T n ], Ti E 
B(JC), generates a bounded free holomorphic function 9<r with operator-valued coefficients in B(T>t* , Dt) 
which satisfies the equation 

q t (x) = p x [e T ] = f- A f (i - xf*y 1 xA f , 

for any X := [Xi, . . . ,X n ] S [B(H) n ]i, where we use the notations X := [Xi ® I/c,...,X n g) 1%], 
f := [I n ®Ti,...,I n ®T n ], and 6 T := SOT-lim r ^i Q T (rSi, . . . ,rS n ). We should add that 

V x ■ F™®B(V T ,V T .) -> B(H)®B(V T ,V T .) 

is the noncommutative Poisson transform with operator-valued coefficients defined by 

Pa- [G] := (K* x ® I Vt , ) (I Vx ® G) (X x ® /p r ) 

for any G G F^®B(V T ,V T <-) and if x : D x ® F 2 (H n ) is the Poisson kernel (see Section 2). 

The next result concerns the behavior of the characteristic function under the free holomorphic auto- 
morphisms of the noncommutative ball [B(Ti.) n ]i- 
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Theorem 4.4. Let T 6 [B(K,) n ]i and let ^ := $u o ^\ be an free holomorphic automorphism of 
[B(Ti) n ]i, where U is a unitary operator on C" and A £ B n . Then the standard characteristic function 
has the property that 

e 9(T) {x) = -(i n ® n*)(e T ° ® n.u), x e 

where Q and f2* are i/ie unitary operators defined by (|4.3[) . Moreover, 

e* (T ) = -(^ ® n*)(/3, s _ <g> e r )(^ ® n*u), 

where K^r t is the noncommutative Poisson kernel of "J -1 := ^ r_1 (5i, . . . , S n ) and it is a unitary 
operator. 

Proof. First, we consider the case when "J = Note that 

(4.6) *a(T)A a . = A A (7 - f \*)- l (\ - T). 

Indeed, due to (|4.2p and the fact that AA A * = A A A, we have 



A (f )A a , = A - A A (7 - T A*)- X f A A , 



A> 



= A A A - (7-T \*)- l T A\» 

= A A (7 - TA*)- 1 [(1 - f A*)A - T (1 - A* A) 

= Aa(J-TA*) -1 (A-T). 

Now, we prove that 

(4.7) A f [I - Vx(X)f *] _1 A A (7 - ATA*)" 1 = A f (7 - AT*) -^[7 - XV x (f 

First note that due to the identities of Theorem 12.31 part (ii) and the fact that W A (^ A (T)) = T, we have 



(4.8) 



I - * x (X)f* = (I - A (X)* A (* A (T ))' 



= A X (I - XX*) [I - X* A (T)*](7 - A* A (T)*)- 1 A A . 

Using again the identities of Theorem 12.31 and the fact that V? A (0) = A, we have 

(4.9) / - A* A (T )* = I - * A (0)* A (T )* = A A (7 - AT*)A A . 

Due to (|4T5|) and (|4l?]) . we deduce that 

A f [I - $j(l)f *] _1 A A (7 - ATA*)" 1 

= AyA^ 1 (/ - A* A (f )*)[/ - XVx(f )*] _1 (/ - i:A*)A^ 1 A A (7 - XA*)" 1 
= A f A^A A (7 - AT *)- 1 A A [7 - X^a(T)*]" 1 
= A f (7 - AT *)- x A A [7 - X* A (f )T\ 

which proves 1|4.7[) . 

Since tJjx(T) is a row contraction, its characteristic function generates a unique free holomorphic 



function O 



[B(ny 



B(H)^iB('D^ x / T ), iD^m) with operator- valued coefficients, which, due 



to the fact that vE'a(T) = 7 ® ^ A (T), satisfies the equation 



9 



^ (r) (X) = -* A (f ) + [7 - X* A (T )*]- 1 XA^ (f) ,, X e [B(H) n }i. 
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Using the the relation \fr A (T)A 
obtain that 

(J®fi)6^ (T) (X)A^ (f) , 



*aCT)* = ^* A (T) V ^ A ( )' definition of il, and relation (14.711 . we 



(/ ® o)A^ A(f) I -* A (f ) + [i - x^^trr'xAi^, 



Ay, (7 — AT* 



A; 



-* a (t) + [7 - A^enT^A^ 

= A f [7 - * A (X)T *]- 1 A a (7 - XX*)- 1 ^ - XV x (f)*} [-* A (T) + [7 - X* X (T )*]- 1 XA^ (f) 
= -A t [7 - * A (X)T {a a (7 - XX*)- 1 ^ - X9 X (T )*]*\(T) - A A (7 - lA*)" 1 ^^^, } 
= -A f [7 - * A (X)T *]- : A A (7 - A > A*)- 1 [* A (f ) - X] 

- -A f [7 - * A (X)f {A A (7 - XA*)- X (A - A) + A A (7 - JTA*)"^^) _ A]| 

= -Ay[7 - * X {X)T [* A (X)A A , - A A (7 - XA*)- 1 A A (7 - TA*) _1 TA A * 

where the latter equality is due to the identity (|4.6p . where we replace T by J. 
On the other hand, we have 

-(9 T o* A )(X)(7®^)A^ (f) , 



(4.10) 



T - A f [7 - * A (A > )f*]" 1 1' A (A > )Ay, A f , (7 - X*fy 1 A > 



= TA f , (7 - A*T)- X A A . - Ay[7 - * x (X)f *]- 1 * A (A > )(7 - A*T)- X A A 
+ A f [7 - * A (X)f*]" 1 1' A (X)7'*f (7 - A*f)" 1 A A . . 
Note that the latter term in the sum above is equal to 

Ay |[7 - * A (X)f*]" 1 - 7| f (I - X*f)~ 1 A X ' 

= Ay[7 - * A (A > )7'*]- 1 7'(7 - X*f)- 1 A X , - A T f(7 - A*T ) _1 A A » 
= A f [7 - * A (A > )7'*]- 1 7'(7 - A*f)- 1 A A . - TA T , (7 - X*f)~ 1 A x . . 
Hence, going back to (|4.10p , we obtain 

-(^%PiW\(f). 

= A T [7 - ^xi^f*}- 1 \f(I - X*fy 1 Ax* - ^x(X){I - X*fy 1 Ax 

= A T [7 - VxWf*}- 1 [f (7 - X*f y 1 A A . - * A (1)A A . - Vx(X)X*f (7 - X*f )- 1 A A . 

= A T [7 - 9 x (X)f T 1 [-* X (X)Ax* +[I- tf A (X)A*]T(7 - X*f)- 1 A > 

= A f [7 - * x (X)f T 1 [-*\(X)A X * + A A (7 - A > A*)- 1 A A f (7 - A*T )- x A A , 

where the latter equality is due to the identity 

7 - * A (!)A* = 7 - * A (1)* A (0) = A A (7 - XX*)- 1 Ax, 

which follows from the identities of Theorem 12.31 part (ii) and the fact that \I/ A (0) = A. Now, using the 
identities above and relation 

(7 - TX*)~ 1 f = f (I - A*f) _1 , 

we deduce that 

(4.ii) Ov xiT) (x) = -{i H ®n*)(o T oyx)(x)(i n ®n*), xe[B{n) n ] x . 



Now let us consider the case when ^ = <&u for some unitary operator U on C™. Using relation (14. 4|) 
and the definition of the characteristic function for a row contraction, one can easily deduce that 

(4.12) e* u{T) (X) = (Q T o<f>~ 1 )(X)(I n ®U), leTO"]!. 
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Now we consider the general case when ^ := $>u o <J A . Combining relations (|4.11|) and (14.12j) . we 
obtain 

e* (T) (x) = -{i H ® n*){e T ° *- x ){x){i H ® a,u), x e [s(w) n ]i, 

which proves the first part of the theorem. 

To prove the second part, note first that, due to Proposition 12.21 = &(Si, ■ ■ ■ , S n ) is a pure row 
contraction. By Corollarv l4.31 $ has the same property. Applying the operator- valued versions of Lemma 
M]and RemarkEJto the bounded free holomorphic function 9 T : [B{H) n ]i -> [B(W) n ] 1 g)£f(I» Tl B r .) 
with operator-valued coefficients, we deduce that 



[rSi,...,rS n ] 



9 -i 



where 0t and $ 1 are the corresponding boundary functions, and P is the corresponding noncommu- 



tative Poisson transform with operator-valued coefficients. On the other hand, since P^~i 



6a 



is m 



F!^°®B(Vt,'Dt*), the generalized functional calculus implies 



SOT- lim P r , 



[rS u ...,rS n ] 



ijr-l 



e 3 



Therefore, we obtain 

SOT- lim QT^-^rSx, . . .,rS n )) = P— , 
r— >1 * 

which implies 

e* (T ) = -(^ ® n*)(*D - x ® Ot)(a— ! ® n*u). 

The fact that the noncommutative Poisson kernel -K^pj is a unitary operator was proved in Theorem 
The proof is complete. □ 



We recall from the proof of Theorem 13.41 that there is a unitary operator U\ : T>^ — ► C defined by 

U x ^J = {l-\\\\\l)^f{\), feF 2 (H n ). 
Consequently, Theorem 14.41 implies 

©* A (T) = -(wj ® fi*)e r (w A ® n.), 

where := ® -^F 2 (H n ))Kq, x is a unitary operator on the full Fock space F 2 (H n ). A similar obser- 
vation can be made in the case of an arbitrary free holomorphic automorphism of [B{H) n ]x. 

Corollary 4.5. If X, [i £ B„, then 

(*„ o * A )(x) = -(i H ® n)** xW (x)(/„ ® n:), A g [B(W) n ]i> 

where fl £ B(C) andVL* £ B(C n ) are the unitary operators defined by (|4.3[) . lu/ien /C = C andT = fi £ B„. 

We showed in [STJ that Arveson's curvature K(T) (see 0) associated with a commutative row con- 
traction T :— [Ti, . . . ,T„], i.e., T^T} = TjTj, i,j = 1,. . .,n, with rank At < oo can be expressed in terms 
of the constrained characteristic function (also denoted by Ot) given by 

Q T (z) := -T + A T (I - Zl T* z n T*)- l [ Zl In, z n I u }A T * , z £ B n . 

More precisely, we proved that 

K(T) = f lim trace [7 Ct -e T (re)e r (re)*]d<7(e), 

where a is the rotation- invariant probability measure on <9B„. The proof of the following lemma is 
straightforward. 

Lemma 4.6. Let T := [Ti, .. .,T n ] G B(/C)" &e an n-twpZe o/ operators and let * e Aut(B(H)'1). Then 
the following statements hold: 

(i) if T is a row contraction, then rank Ax = rank Ay/ T \; 

(ii) T is a commuting row contraction if and only ifty(T) is a commuting row contraction; 

(iii) A £ {T}' if and only if A £ {^(T)}', where ' denote the commutant; 
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(iv) I,r"£ [B(JC) n ]i are unitarily equivalent if and only if^(X) and ^(Y) have the same property. 
Now, using Theorem 14.41 one can deduce the following result. 

Theorem 4.7. Let T :— [Ti, . . . ,T n ] ! Ti G B(IC), be a commutative row contraction with rank At < oo. 
Then Arveson's curvature satisfies the equation 

K(¥(T)) = [ lim trace [I Vt - 9 T (*- 1 (rt))Q T (i!!- 1 (rZ))*]d(r(£) 

for any * G Aut{B(H)fj. 

In the noncommutative case, the notions of curvature and Euler characteristic of a row contraction 
were introduced in [26] and [13] . We showed in [28] that the curvature and the Euler characteristic of an 
arbitrary row contraction can be expressed only in terms of the standard characteristic function. More 
precisely, we proved that if T := [Ti, . . . , T n ], Ti G B(JC), is a row contraction with rank At < oo, and 
curv (T) and x(T) denote its curvature and Euler characteristic, respectively, then 

(T , i a r trace {0 T e* T (P m ® I)} 
curv [2 ) — rank At — lrm 



and 

x(T) = lim 



rank[(/-e T e T )(P< m ®/)] 



1 + n H h n m ~ l 

where P m (resp. P< m ) is the orthogonal projection of the full Fock space F 2 (H n ) onto the subspace of all 
homogeneous polynomials of degree m (resp. polynomials of degree < m). Using the result of Theorem 
14.41 we can express the curvature (resp. Euler characteristic) of ^(T) in terms of the boundary function 
of the free holomorphic function 8o$ _1 . 

Proposition 4.8. If V := [Vi, ... , V n ] is a pure isometry with rank Ay < oo, then 

curv(V) = curv(*(V)) = rank Ay, * G Aut{B{H)1). 
If T G B(IC) is a pure contraction, then 

curv (T) = curv (*(T)), * G Aut{B{H)x). 

Proof. According to Proposition 14.31 if V := [Vi, . . . ,V n ] is a pure row isometry, then V is unitary 
equivalent to ^(V). Consequently, cmv(V) — curv5 , (V). The second equality is due to the fact that 
V is unitarily equivalent to [Si ® M. , . . . , S n (£> Im], where M. is a Hilbert space of dimension equal to 
rank Ay. 

To prove the second part of this proposition, we recall (see [18]) that curv (T) = rank At — rank At* ■ 
The operators Q and f2* defined by relation (|4.3p are unitaries. Using this result when n = 1, we have 
rank At = rankAq,(T) and rank At* = rank A,j,(t)* ■ The proof is complete. □ 

It will be interesting to know if curv (T) = curv (T)) for any pure row contraction T and any 
* G Aut(B(H)^). 



5. Maximum principle and Schwartz type results for free holomorphic functions 

In this section we prove a maximum principle for free holomorphic functions and obtain noncommu- 
tative versions of Schwarz lemma from complex analysis. 

We proved in [27] the following analogue of Schwartz lemma for free holomorphic functions. Let 
F ( x ) = J2 a e¥+ X a ®A {a) , A {a) G B(£,G), be a free holomorphic function on [B(H) n ]i with ||F||oo < 1 
and F(0) = 0. Then 

||F(X)|| < ||X||, for any X G [B(H) n ]i. 

In what follows we use this result and the free holomorphic automorphisms of the noncommutative 
ball [B{TL) n \i to prove a maximum principle for free holomorphic functions. 
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Theorem 5.1. If F : [B(H) n ]i — > B(TL) is a free holomorphic function and there exists Xq £ [B(H) n ]i 
such that 

\\F(X )\\ > \\F(X)\\ for all X £ [B{H) n ] u 

then F must be a constant. 

Proof. Without loss of generality, we can assume that ||F(Xo)| = H-FHoo = 1- Let F have the represen- 
tation F(X) = J2T=o J2\ a \=k a aX a - According to [19], we have 

f l a «| 2 ] < 1 - l^(0)| 2 forfc = l,2,.... 

\|a|=fe / 

Hence, if |F(0)| = 1, then a a = for all a £ F+ with \a\ > 1. Therefore F = F(0) is a constant. Now 
set A := F(0) and assume that |A| < 1. Note that G :— *f?\ ° F is a free holomorphic function such that 
G(0) = and ||G||oo < 1- Due to the noncommutative Schwarz type lemma for bounded free holomorphic 
functions, we have ||G(X)|| < \\X\\ for any X £ [B(H) n ]i. Therefore, we have 

(5-1) ||# A (F(Xo))|| < ||X || < 1. 

On the other hand, since ||F(Xo)|| = 1, Lemma T4.ll implies ||4'a(F(Ao))|| = 1, which contradicts (|5.ip . 
Therefore, F must be a constant. The proof is complete. □ 



We remark that if F : [B(TL) n ]i — > B(H)®B(K.) is a free holomorphic function with coefficients in 
B{JC) and dim/C > 2, the maximum principle of Theorem [53] fails. Indeed, take JC — C 2 and 



F(X 1 



i X r , 



F 



1 


0" 




"0 


0" 













1 



for (Xi,...,X„) e [i?(7Y)™]i, and note that = 1 = ||F(0)|| and F(0) is a projection. We also 

mention that, when JC is an arbitrary Hilbert space, ||F||oo < lj and F(0) is an isometry, then F must be 
a constant. Indeed, if F has the representation f(X) = YlkLa Yl\ a \=k ^« ® ^-(«)> t nen ; due to [29], we 
have 

E A U A («) <I~ F(0)*F(0) for A; = 1,2, 

Hence, we deduce our assertion. 



Proposition 5.2. Let F : [B(H) n ]i — * B(H) m be a bounded free holomorphic function such that 
\\F{0)\\ ^ \\F\\oo. Then there in no X £ [B(H) n ]i such that \\F(X )\\ = WFW^. 

Proof. Suppose that there is Xq £ [B(H) n ]i such that ||F(Xo)|| = ||F||oo. Without loss of generality, 
we can assume that ||.F||oo = 1- Set A := F(0) £ B„ and note that G := ^\ of is a free holomorphic 
function such that G(0) = and ||G||oo < 1- The rest of the proof is similar to that of Theorem 1 5. II □ 



What happens if ||F(0)|| = H-FH^, in Proposition ^. 21 ? Does this condition imply that F is a constant 
? We already proved that the answer is positive if m = 1. 

The classical Schwarz's lemma states that if / : P — > C is a bounded analytic function with /(0) = 
and \f(z)\ < 1 for z £ D, then |/'(0)| < 1 and \f(z)\ < \z\ for z £ ID). Moreover, if |/'(0)| = 1 or if 
|/(z)| = \z\ for some z ^ 0, then there is a constant c with \c\ = 1 such that f(w) = cw for any i»eD. 

Let Fx,... ,F m be free holomorphic functions on [B(Tt) n ] 11 with scalar coefficients. Then the map 
F : [B(H) n ] 11 -> F(W) m defined by F := (Ft, . . . , F m ) is a free holomorphic function. We define F'(0) 

. In what follows, we obtain a 



(it) (o); 



as the linear operator from C ra to C m having the matrix 

new proof of the Schwarz type lemma for free holomorphic functions [27j and new results concerning the 
uniqueness. 



Theorem 5.3. Let F : [B(H) n ]i — > [F(7i) m ]i be a free holomorphic function. Then 
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(i) the free holomorphic function 

ip(Xx, ...,X n ) = [X u . . .,X n ]F'(0y, (A 1; . . .,X n ) e [B(H) n ] x , 

maps [B{TL) n ]i into [B(7i) m ]x, where * denotes the transpose. In particular, ||_F'(0)|| < 1; 

(ii) ifF(fl) = then \\F(X)\\ < \\X\\ for any X e [B{H) n ]i. 

Proof. Let X := (X x , . . . , X n ) E [B{H) n ]i and let t E (0, 1) such that ||X|| < t. For each x E H {n) and 
y E H with \\x\\ < 1 and ||y|j < 1, define g xy : U> — * C by stting 

g xy {\) := (F(~X 1 ,...,jX^\x,y\, A E D. 

Since F is a free holomorphic function on [B(H) n ]i, the map g xy is analytic on the open unit disc D and 

(5.2) g' xy (0) = (^[X 1 ,...,X n }F'(Q) t x,y 

Assume that there exists c xy E C with \c xy \ — 1 such that g xy {\) — c xy \ for A E D. Due to the continuity 
of F on [B(H) n ]i and taking A — ► 1 in the equality l^^y (A) | = |A|, we deduce that 



which contradicts the fact that |||F (jXi, . . . , jA n )|| < 1. The classical Schwarz lemma applied to g xy 
implies |fi4 y (0)| < 1 for any x E and y E H with ||x|| < 1 and ||y|| < 1. By ()5.2|) . we get 

|| [X x> ■ ■ .,X n ]F'(0y\\ < t < 1 for any (Xx, ...,X n )E [B{H) n ]i, which also implies that ||F'(0)|| < 1 and 
proves part (i). 

To prove (ii), assume that F(0) = 0. Once again Schwartz lemma implies | (A) | < |A| for any 
A E D\{0}, except when there exists c xy E C with \c xy \ — 1 such that g xy (\) = c xy X, A E D. As we 
showed above, the latter condition does not hold. Therefore, we must have 



( y-Vi y.V„ 



<|A|, AeD\{0}. 



Hence, considering A E D with |A| = ||A|| < 1 and taking t — > \\X\\, we deduce that | (F(X)x,y) \ < \\X\\ 
for any x E H^ n ' and y E Tt with ||a;|| < 1 and \\y[\ < 1. Consequently, ||F(A")|| < ||A||, which proves 
part (ii). The proof is complete. □ 

We remark that one can extend Theorem [5~3l to free holomorphic functions F : [B(TC) n ]- tl — > [i?(7i) m ] 72 . 
In this case, one can similarly show that the free holomorphic function 

ip{Xx,...,X n ) = [Xx,...,X n ]F'(0Y, (Xx, ■ ■ - ,X„) G [S(H) n ] 7l , 

maps [B(H) n \ 11 into [B(H) m ] l2 and, if F(0) = 0, then F maps r[B(H) n } 11 into r[B(H) m ] l2 for any 
re (0,1]. 

Theorem 5.4. Let F : [B(H) n ]i — > [B(7i)"]i &e a/ree holomorphic function such that F'(0) is a unitary 
operator on C n . Then F is a free holomorphic automorphism of [B(TL) n \i and 

F(Xx,...,X n ) = [Xx, ■ ■ ■ , X n ][F' (0)]* , (Xx,...,X n ) E [B(H) n ]x. 
Proof. Assume that F has the representation 

n oo 

F(Xx, ...,X n ) = Ao + ^X^Ai + Y^ X a ® A (a) , 

i=l k=2 \ct\=k 

where A$ : Ai, A^ E B n are written as row operators with entries in C. Note that F'(0) = [A[ ■ ■ ■ A^], 
where * denotes the transpose. Since ^'(0) is a co-isometry we have Yn=i A*Ai — I. On the other hand, 
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since F is a bounded free holomorphic function with ||F||oo < 1, we can use Theorem 2.9 from [29] to 
deduce that £™ =1 A*Ai <I- F(0)*F(0). Now, it is clear that F(0) = 0. Therefore, we have 



(5.3) 



, X n ) — [X\, . . . , X n ] 



'Ai 



E E x ^A {a) . 

k=2 \a\ = k 



Since F' (0) is an isometry, we have 



A 1 



^4n 



[A\ ■■■ A* n ] = I. Multiplying relation ([53]) to the right by the 



operator matrix [A\ ■ ■ ■ A^], we deduce that 
(5.4) H(X):=F{X)[A\ 



A*] = [X u ...,X n ] 



Therefore, H is a free holomorphic function with H(0) = and H'(0) = I n . Applying Theorem 11.31 to 

'Ax 

H, we deduce that H(X) = X for any X E [B{U) n ]i. Multiplying relation (pTl]) to the right by 



and using the fact that F'(0) is a co-isometry, we deduce that 

F(X 1 ,...,X n ) = [X 1 ,...,X n ][F'(0)} t , (X 1 ,...,X n ) e [B(H) n } 1 , 
where F'(0) = [A\ ■ ■ ■ A^]. This completes the proof. 

A slight extension of Theorem 15.41 is the following. 



□ 



Proposition 5.5. Let F : [B(H) n ]i — > [B(H) m ]i be a free holomorphic function such that F'(0) is an 
isometry of C™ into C m . TTiera F is left invertible and $ L o F = id, w/iere L := [F'(0)*]*. 

Proof. The scalar representation of F is an analytic function / : B„ — ► B„ defined by /(A) := F(A), 

A € !„. It is easy to see that F'(0) = /'(0), where /'(0) = [#:(0)1 . According to [35] (see Theorem 

8.1.3), since /'(0) is an isometry, we must have /(0) = 0, and therefore F(0) = /(0) = 0. As in the 
proof of Theorem 15.41 we can use the fact that F'(0) is an isometry to show that F(X)[F'(0)*]' = X, 
X € [B(H) n ]i. The proof is complete. □ 

Here is another extension of Schwarz lemma, for bounded free holomorphic functions. 

Theorem 5.6. Let F : [B(H) n ]i — > [B(H) m )i be a free holomorphic function, a S B„, and b := F(a) E 
B m . Then 

ll* 6 (FpO)|| < \\* a (X)\\, X e [B(H) n ]i, 
where ^ a and are the corresponding free holomorphic automorphisms. 

Proof. Note that * a E Aut(B(H) n ]i and * b E Aut{B(H) m ]i. Due to Theorem O and Theorem [£3 the 
map G := f (, o F o f j : [F(H)"]i -> [F(H) m ]i is a free holomorphic function with G(0) = 0. Applying 
Theorem E3] part (ii), we deduce that o F o ^ b ){Y)\\ < \\Y\\ for Y E [B{H) n ]i. Setting Y = ^ a (X) 
and using the fact that f „ o $ a = id, we complete the proof. □ 

Corollary 5.7. Let a E B„ and and let F : [B(7i) n ]i — ► B(Tt) be a free holomorphic function. Then 
F — F(a) has a factorization of the form 

F(X) - F(a) = 9 a (X)(H ° *„)(*), A e [fl(«) n ]i, 

where H : B(H) ® M n xi is a free holomorphic function. 
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Proof. Note that G : [B(H) n ]i -» B{H) defined by G{X) := - F(a) is a free holomorphic function 

with G(a) = 0. Then Go* a is a free holomorphic function with (G o \I/ a )(0) — 0. Therefore, it has 
a representation (Go & a )(X) = YlkLi 12\ a \=k a "^«' where the convergence is in the operator norm 
topology. Hence, we deduce that 

oo n 

(Go^ a )(rS 1 ,...,rS n )=Y / E ^ a r^ S a = Y / rS l H l (rS 1 , . . . ,rS n ) for any re (0,1), 

fc=l |a|=fe i=l 

where Hi{rS\ 1 . . . ,rS n ) :— -S*(G o \E' a )(r5'i, . . . ,rS n ) and the corresponding series representation for 
Hi(rS\, . . . , rS n ) is convergent in the norm operator topology for any r € (0,1). Consequently, we 
deduce that each Hi is a free holomorphic function on [B(H) n ]i and 



i=l 



(Go* )(Xi,...,X n ) = 2 £ a a X Q = ^X i ^(X 1 ,...,X„) 

fe=l |a|=fc 

for any X := [X u . . . , X n ] E [B(H) n ]i. Setting H := 



, we obtain (G o * a )(X) = XH(X). Since 



* a e Aut(B(H)l l ) and * a o * a = id, we deduce that Gpf) = o ^ a )(X) for X e [B(H) n ]i, 

which completes the proof. □ 

We remark that, setting * a = (ipi, . . . , ip n ), one can deduce that F — F(a) is in the right ideal generated 
by tpi, . . . , ip n in Hol([B(H) n ]i), the algebra of all free holomorphic functions on [B{H) n }\. 
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